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ABSTRACT

This work begins by delineating the intuitive meaning of a quantum field, which is then made
precise through various mathematical tools. The quantization programs of canonical quantization
and path integral formalism are introduced, and important physical quantities called correlators are
calculated. The focus of the work is thus kept in such a way that the subset of quantum field theo-
ries called conformal field theories (which correlators play an important role in) could conveniently
be brought up. The discussion of this subset, in turn, is kept in such a manner that 2-dimensional
conformal field theories could easily be introduced.

These 2-dimensional theories are then discussed at great length, and such important topics as
primary fields and operator product expansions are broached. Finally, free, massless bosonic and
fermionic fields on an infinite cylinder are presented as examples of 2-dimensional conformal field
theories, and their various aspects are looked upon. The work ends by studying the famous Wess-
Zumino-Witten model as an instance of conformal field theories with Lie algebraic symmetry and
showing that the model is indeed a conformal field theory in 2 dimensions via the so-called Sug-
awara construction.
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What is a quantum field?

A field, in classical field theory, is a quantity defined at every point of spacetime, some good ex-
amples being the gravitational and the electromagnetic fields. The primary motivation to intro-
duce such a concept has to do with the notion of locality; we want laws of nature that are local.
Loosely speaking, what it means is that “action at a distance,” as seen in the old laws of Newton
and Coulomb, is not allowed. It is well known that the theories of Einstein and Maxwell fix these

laws by introducing fields to mediate the aforementioned “action” in a local manner. Indeed then,



introduction of fields does yield theories that are local, something which constitutes a key motiva-
tion to bring fields into quantum mechanics and consider a guantum field theory. Before going on
to actually formulate and work with such a theory, however, we need to define what we mean by the
term quantum field, and a good way to do so is to begin by seeing how quantization—promotion of
classical quantities, or degrees of freedom, to operators—fits with fields.

As its name implies right away, a quantum field is simply a classical field quantized, and as might
easily be guessed, a quantum field theory entails simply the quantization of a classical field. Just
as the classical degrees of freedom are promoted to operators in quantum mechanics, so are the
field degrees of freedom—or the degrees of freedom of a classical field—promoted to operators in
quantum field theory. A degree of freedom in the latter case corresponds to the value of a classical
field at a point of spacetime, and since spacetime has infinitely many points, a classical field has in-
finitely many degrees of freedom. With all of them promoted to operators, we could say that a field
in quantum field theory, or a quantum field, is an operator-valued function of points in spacetime.
Encapsulating quantization as it applies to classical fields, this simple definition makes clear what a
quantum field means and entails. In addition to bringing locality in, however, what motivations do
we have to concoct such a contraption? It turns out that we have many, but we look at only some of
the most salient ones here. Apart from motivating the need for quantum fields, they further consoli-
date the definition we gave above.

A major motivation comes from processes that particle numbers change in. Contrary to what
one might think, particles could be pretty ephemeral in terms of existence; that is, they could be
both created and destroyed. Supported by incontrovertible evidence that comes from large particle
colliders (see Fig. 1), this fact makes it absolutely clear that theories lacking a mechanism to deal with
changing numbers of particles are bound to be inadequate. What they need is an entity that affords
the ability to both create and destroy particles at every point of spacetime, and ordinary quantum

mechanics provides us with a major hint as regards this entity, namely that it must accouter every



spacetime point with an operator resembling the creation/annihilation ones. Seeking to equip each
spacetime point with an operator, however, we note how it is the same as subjecting a classical field
to quantization, which promotes the field values to operators everywhere and gives what we referred
to as a quantum field above. A quantum field could then also be viewed as an entity that has the
capacity to both create and destroy particles at every point of spacetime and adequately describe

processes that particle numbers are not conserved in.

Figure 1: Rich particle production in the Large Hadron Collider (LHC). We need a theory that goes beyond theories with
fixed numbers of particles and encapsulates the fact that particles could be both created and destroyed.

Just to give an example of such a process, we note that when a particle of mass 2 is localized to
distances shorter than 1 = 7 /muc, the uncertainty in its energy is high enough to make parti-
cle/antiparticle pairs pop out of vacuum (see Fig. 2). Known as the Compton wavelength, the dis-
tance i/ mc gives the point that the concept of a fixed number of particles completely breaks down
at, and it must be remembered that the new particles entering the picture are of great physical con-
sequence; they exert forces, transfer energy, and do almost anything that a particle could. To encap-
sulate their effects and accurately describe the physics of particles confined to distances smaller than
their respective Compton wavelengths, we need a framework embracing the capacity to both create

and destroy particles, a framework obtained by introducing such things as quantum fields.



Figure 2: Particle/antiparticle pairs popping into and out of existence in vacuum. Usually taken as being “empty,’
vacuum teems with particle/antiparticle pairs at small scales, where energy uncertainties are high.

A further spur to consider quantum fields and related paraphernalia comes from what is known
as the indistinguishability of elementary particles. Simply put, it refers to the fact that a neutrino
produced in the Large Hadron Collider (LHC) is identical—in every respect conceivable—to a neu-
trino produced in the wake of a supernova billions of light-years away. This observation is just too
remarkable to not warrant a solid explanation. What is it after all that ensures such a great deal of
precision when it comes to creating elementary particles at different points of spacetime? Even if we
posit that the “material” to create elementary particles is the same everywhere, we need some ma-
chinery to ensure the aforementioned precision—to ensure that the same amount of “material” is
used everywhere and in the right proportions. This universal machinery, spanning all of spacetime,
could only come from a quantity defined at every spacetime point, and as we state right at the out-
set, such a quantity is a field. Having been led to consider some field, we reckon that our field needs
to be capable of making particles too, and we thus require that it be an operator field, or, as we have
been calling it, a quantum field. It is hence possible to see a quantum field as an invisible swathe too
that spans all of spacetime and could make particles of the same kind anywhere and anytime.

We see how naturally the indistinguishability of elementary particles and processes involving

particle creation and destruction lead us to consider quantizing a classical field and working with



a quantum field. There are other motivations to consider quantum fields as well: the problem of
negative energies, bosonic/fermionic statistics, and so on. However, we leave them and their details
for more advanced works (and our subsequent chapters) to cover. With what we have done up till
now, we could say that we have delineated clearly the meaning of a quantum field, thereby attaining
the goal we set for this introductory chapter. In the next chapter, we move to making this meaning
precise via mathematics and showing how quantum fields are obtained from the quantization of

classical ones.



UAnyone who is not shocked by the quantum theory does

not understand it.”

Neils Bohr

From classical to quantum fields 2,6

Having seen the intuitive meaning of quantum fields and the motivations we have to study them,
we proceed to making things precise in this chapter. Our approach begins with a brief discussion
of some useful elements of classical field theory, such as Lagrangian densities, equations of motion,
Noether’s theorem, and so on. We then introduce the canonical quantization program, discussing
itin the context of ordinary quantum mechanics and generalizing it to the realm of classical fields.

Finally, we give an explicit demonstration of canonical quantization by applying it to the Klein-



Gordon and Dirac fields. As a freebie toward the end, we discuss what is called the path integral
formalism as a quantization scheme alternate and equivalent to the scheme of canonical quantiza-

tion.

1.1 CLASSICAL FIELD THEORY

As we said in chapter o, a field in classical field theory is a quantity defined at every point of space-
time. It could, therefore, be written as ¢ (x), where @ represents the field and x represents the space-
time point that the field takes the value (x) at. It should immediately be clear that we are dealing
with infinitely many degrees of freedom here: there is at least one, namely the field value (x), for
every point of spacetime, x.

The fundamental quantity governing dynamics in classical field theory is the action S, which is
the time integral of something known as the Lagrangian. Denoted by L, the Lagrangian itself is
taken as being the spatial integral of a Lagrangian density, L, which is a functional of the field ¢ and

its derivative 8}@. We could summarize these relations via

S = /dtL(t) = /dt/d3x£[¢,8ﬂ¢] = /d‘*xﬁ[gz,aﬂga]. (1.1)

Since £ usually depends on several fields and their derivatives, it is better to write it as L[g_, 0,0,]
in the integrals above, the Latin subscript « being used to label the fields under consideration. How-
ever, all through this work, we drop this Latin subscript and take it as being understood that we
could be dealing with several fields at once.

According to the principle of least action, the evolution of a system of fields from an initial config-
uration to some final one occurs along a configuration space “path” that S'is stationary for. What it

means is that a small variation in that “path” does not change S in any significant way. Mathemati-



cally, we could impose this condition in the following manner:

0_

=9dS
oc oL
= [t oo+ ———5(0

[ for, or oc -
_/d (aﬁ” aﬁ(8(8ﬂ¢))3¢+aﬂ<a(aﬂ)ap>>. (1.2)

The last term here gives us a surface integral over the boundary of the spacetime region of integra-
tion. Assuming that the initial and final configurations are given, we could say that g is zero at
the temporal beginning and end of this region. If we further assume that d@ vanishes at the spa-
tial boundary too, then the surface integral yields nothing but zero. It is easy to factor dp from the
remaining two terms and note that since the integral has to vanish for arbitrary dg, the quantity

multiplying d@ must vanish at all points in the region. Thus,

oL oL
O, (3(3”) — a—@ =0. (1.3)

This equation is the Euler-Lagrange equation of motion for the field @, and if £ depends on more
than one field, there is one such equation for each.

In going from the action to the Euler-Lagrange equations, we have presented what is commonly
known as the Lagrangian formulation of classical field theory, or simply as the Lagrangian field
theory. It is good in that all expressions it involves are explicitly Lorentz invariant, something mean-
ing that this formulation is particularly suited to relativistic dynamics. However, since our goal
is to quantize fields, we want a formulation that is suited to the canonical quantization program,
which we introduce later in this chapter. It turns out that such a formulation is what is known as

the Hamiltonian formulation of classical field theory, or simply as the Hamiltonian field theory. It



begins with a field, @, and its conjugate momentum field, =, which is defined as

7(t,x) = gg’ (1.4)

and then introduces the so-called Hamiltonian density H = =@ — L, which could be integrated
over space to obtain the Hamiltonian H. Here, we again recall that we could be dealing with more
than one field, and in that case, the first term in # is to be replaced by > . ¢a ; however, as we did
before, we choose to drop the Latin index « and take it as being understood that we could be deal-
ing with several fields. It should be noted that we have sacrificed manifest Lorentz invariance here
by singling time out as a special coordinate. In fact, the dynamics of the field ¢ and its conjugate

momentum field 7 are governed by

. OH
@(tv X) - %
and
7.Z'<t7 X) = _ggla

which, unlike the Euler-Lagrange equations, do not look Lorentz invariant at all. Despite this fact,
however, the physics they describe has to be the same as that described by the Lorentz invariant
Euler-Lagrange equations, for if we start with a relativistic theory, our results ought to be Lorentz
invariant even if the intermediate steps are not.

Having presented the Lagrangian and Hamiltonian field theories, we move to the last elements of
classical field theory whose discussion we deem indispensable: symmetries and conservation laws. It
is difficult to overstate the importance of symmetries in classical field theory—especially continuous
ones as we would see—and the same could be said about conservation laws. Whereas a symmetry
could be roughly defined as a transformation that leaves something invariant, a conservation law

stipulates that some quantity does not change with time. What is interesting is that the two are



intimately linked by a famous theorem known as the Noether theorem, which simply states that to
every continuous symmetry corresponds a conserved quantity (or a conservation law). We begin
our discussion with a simple derivation of Noether’s theorem and then proceed to demonstrating
its use by applying it to one of the simplest instances of continuous symmetries in physics, namely
spacetime translation.

Considering ¢(x), we introduce the following continuous transformation.

W=+ a)dgx;
@a
() = o) + o (15)

The w, are infinitesimal parameters controlling the respective changes in 4 and F, where F is de-
fined in such a way that ¢’ (x') = F(@(x)). Itis important to note that the field ¢, taken as a
mapping from spacetime to some target space M (p : R* — M), is affected in two ways: the
functional change ¢’ = F(p) and the argument changex — /. This way of looking at the
transformation in Eq. (1.5) is called the active point of view (see Fig. 1.1)—in contrast to the passive
point of view, which sees the transformation x — x’ merely as a relabeling of coordinates, or the

observer’s changing perspective.

Figure 1.1: An active transformation (here a rotation). The arrows show a vector field that itself undergoes a rotation
identical to that of the coordinates. In the passive view, the observer rotates—and in the opposite direction.

I0



It is not surprising that the transformation being considered would transform the action as well,
which depends on ¢ and @m after all. Some transformations of this kind, however, could be such
that the transformed action is the same as the untransformed one; that is, the action is left invari-
ant. These transformations comprise a subset of the transformations described by Eq. (1.5) and
are known as symmetries (continuous symmetries to be precise). According to Noether’s theorem,
each of them is associated to a conserved quantity and hence a conservation law. We would use the

variation of the action to derive both. Using S’ to denote the transformed action, we could write

$o fas(1e0,(s25))
ce(raZ fn-a (o (Z))] (200 o (Z)])).

Then, the variation 4§ = §' — S contains terms with no derivatives of the »,, and they sum up to

zero if the w, are rigid (independent of position). With this thing, S involves only the first deriva-

tives of the w, and could be written as

5:5: _/d4x]ﬁa#way

where

oL ox’ oL OF
Ja = (a@m@@ B ”‘) 0w, 0(0,0) 0wy (1.6)

Known as the current associated with the transformation in Eq. (1.5), the quantity 7, is of central

importance to Noether’s theorem. Integration by parts turns the expression for dS above into
oS = / d*x 0, frw
= wfaPa-

If the w, correspond to a symmetry now, then the variation 4S5 above should equal 0 for any w,,

II



something implying that (")ﬂf; should equal 0 for all points in the spacetime integration volume.

This very result, expressly,
Dufs =0, (1.7)

is what we refer to as a conservation law, for it requires that a particular quantity stay constant with
time, o, in other words, remain conserved. Also known as the conserved charge, this quantity turns

out to be

and it happens to be conserved since its time derivative vanishes:

Qﬂ = /d3x80]2

= —/d&&jﬁ;
— [ a7,

where dd” is a surface element at spatial infinity, so given that ]fl vanishes sufficiently fastas x — oo,
which is always assumed to be the case, we could say that Q, = 0. Now, since dufs = 0emerged
as a consequence of our assuming that the continuous transformation of Eq. (1.5) comprised a sym-
metry, we have shown that to every continuous symmetry corresponds a conservation law and a
conserved quantity. Put simply, we have derived the Noether theorem and could now go about
considering its application to spacetime translation.

If we replace w, by &7 in ¥* = «* + w,(0x*/0w,), we obtain ¥ = x* + «*, which indicates
an infinitesimal spacetime translation by the vector »“; moreover, supposing that the field itself does
not undergo any change—other than that imparted to it by the active translation of the spacetime

coordinates—we have that (@) = ¢, and hence, 0F /0w, = 0. Then, using this fact and that

I2



Ox* | Ow, = Ox* |0a? = &, together with Eq. (1.6), we find the current to be

oL
/;/ = ma}/¢ — yyﬁ (18)

Calling it 7#}, instead (for reasons of convention), we see that it satisfies 9, Tuy = 0 with the con-

served charge
3270
P}/ — /d X Iz

which happens to be the four-momentum. That is, translational symmetry in spacetime spells con-
servation of both energy and momentum, and the conserved charge 7% is known as the energy-
momentum tensor, a quantity which holds central importance as subsequent portions of this work
would show.

The discussion of Noether’s theorem done, we end this section with a brief remark about ]'Z,
namely that its definition is ambiguous to some extent. The expression in Eq. (1.6) is termed “canon-
ical,” for there are other admissible expressions as well; in fact, we may add to it the divergence of an
antisymmetric tensor without affecting its conservation: f; — /; + 0,BY where BY = —B}.

Indeed, 9,0,B = 0 by antisymmetry, so 0,7, still equals 0.

1.2 CANONICAL QUANTIZATION

This section takes the first step toward the central goal of this chapter—going from classical fields to
the quantum ones—by presenting the scheme, or program, of canonical guantization. It essentially
is a recipe that takes one from the dynamics of classical degrees of freedom to the realm of quantum
theory. In classical mechanics, for example, it asks us to take the generalized coordinates g, and their
conjugate momenta p* (= 0L/04,, where L is the Lagrangian of classical mechanics) and promote

them to the operators g, and p”. Then, it prescribes that we replace the Poisson bracket structure of

13



classical mechanics with the following commutation relations.

e 0] = |*,3"] =
[éﬂ,lib} = 151;.

Finally, we are required to put these operators in place of their classical counterparts in the Hamilto-

nian of classical mechanics and work out the spectrum of the (Hamiltonian) operator that results.
For fields, we do the same, but in lieu of ¢, and p*, we use the fields themselves and their conju-

gate fields, and after promoting them to operators (operator-valued functions of spacetime to be

precise), we define for them what are known as equal-time commutation relations. That s,

[@(tv X)? @(t, Y)] = [7}(1‘, X)v %(tv Y)] =05

[@(t, X)77A7(t7 Y)] = 15(3)(7(_}')' (1.9)

It must be noted here that for more than one kind of field, we would also have to define “interfield”
commutation relations, and as is conventionally the case, we would set them equal to 0; that is, a
nontrivial commutation relation (the second line in Eq. (1.9)) is obtained only from a field and

its corresponding conjugate field. With these relations having been defined, we could proceed to

evaluate the Hamiltonian for our system,

and then go about trying to work out what we called its spectrum above.
As a simple implementation of this scheme of quantization, we present its application to one
of the simplest of the systems in all of classical mechanics: an infinitesimal particle of mass 7 that

moves in potential 7(x). Calling the coordinate of the particle x and the conjugate momentum p,

14



we consider the operators & and p and impose the commutation relation [, p] = ¢. Then, knowing

that the Lagrangian is

A ]32 )
L="——
2m (x),
we find the Hamiltonian to be
H=px—1L
(2 _ (P _
-5(£)- (&)
]32
2m

and to make the calculation of the spectrum simpler, we assume that () is identically equal to 0.
The spectrum, in this case then, turns out to be consisting of all positive reals; that is, any positive
real number gives a possible value for the energy of the particle. To clarify this point further, we
note that with /(x) set equal to 0, the particle is not confined in any manner whatsoever, something
meaning that its state could be the momentum eigenstate (1/v/27) exp(ipx) withp € R. Then,
since the Hamiltonian is p* /2, we know from ordinary quantum mechanics that the energy is
p*/2m, which could be any positive real given that p is arbitrary. This thing completes application
of the canonical quantization program to the system of the point particle. As to its applications to

fields, we present them in the next section.

1.3 KLEIN-GORDON AND DIRAC FIELDS

Being a (free) scalar field, the Klein-Gordon field (or KG field for short) is the simplest to be studied
both classically and quantum mechanically; therefore, it is the first field that we choose to demon-

strate the full application of canonical quantization to. The Lagrangian density governing the KG

IS5



field is

1 1

_ 2 2_ 1 2.2
L= 2(8#@ 5P (1.10)

which we could use to calculate the conjugate field 7 = 0L/0¢p = ¢. Then, going with the
prescription of the canonical quantization program, we promote @ and 7 to operators and impose
the equal-time commutation relations in Eq. (1.9). Promotion of ¢ and 7 to operators renders the
Hamiltonian an operator as well, and we are thus allowed to write

H:/d3x <1ﬁ2+1(V¢)2+1m2¢2> : (r.r1)

2 2 2

As the final step of the scheme, we need to calculate the spectrum of the Hamiltonian, but since we
are dealing with infinitely many degrees of freedom—rather than the finitely many seen in the case
of the infinitesimal particle—finding the spectrum is very hard. We thus begin by seeking guidance
from the equation of motion of the KG field written in the Fourier space. The equation of motion

in the position space, also known as the KG equation, could be found by using the Lagrangian den-

sity in Eq. (1.10) in conjunction with the Euler-Lagrange equation, which yields
(8/‘8{,+m2)¢:0. (1.12)

Then, expanding (or Fourier transforming) the classical KG field as

3
plex) = [ G Eserotep

(with (2, p)* = (2, —p) so that (¢, x) is real), we find that the KG equation becomes

[3; + (Ipl* + mz)] P(t,p) = 0,

16



which implies that the solution is something of a harmonic oscillator with frequency w}, such that
wp = \/|p|” + m2. Inspired by this observation, we try to write the spectrum of the KG-field
Hamiltonian in terms of the spectrum of a harmonic oscillator, which we are well-acquainted with.
An important part of the calculation of this spectrum involves the creation and annihilation opera-

tors, and for a harmonic oscillator described by the Hamiltonian

. 1. 1 5.
Hspo = EPZ + 5‘02?’27

they are introduced via
and

with [21, ZIT] = 1. Using these very relations and a simple comparison with the Fourier transform of

the classical KG field above, we could write

d3p 1

p(x) = / 25 Vo (zzpwlp) P

#(x) = / (;il; (_’)\/§ (211) - ZZT_p) ePx

which essentially say that each mode of the field is an independent harmonic oscillator with its own

and

creation and annihilation operators. We see that if |:2ZP, &L,} = (27;)35(3) (p — p’), then these mode

17



expansions for ¢ and 7 allow the commutation relation [¢(x), 7(x")] to be worked out correctly:

o200 = [ B2 3 ([twe] - ] e

=0 (x — x).

An important thing to note is that we have started working in the Schrodinger picture here. This
thing is essential since we wrote the mode expansions by way of a comparison with the expres-
sions for the harmonic oscillator, all of which were written in the Schrodinger picture. However,
we could shift to the Heisenberg picture any time once we have found the Hamiltonian in terms
of the creation and annihilation operators, for z,(z) = exp (z[:It) ap exp (—z]:]t) and Zz;r, (2) =
exp (1[:]t> Zz;r, exp (—th) . Using the mode expansions for ¢ and 7 in Eq. (1.11), we see that the
Hamiltonian turns out to be

/ Py / d3Pd3 : (p~x+p’-x’>@ (ap —aty) (ap —at,)

d3 d3/ o 2
/d3 / foxtp’x) PP T —pptm <ZZP+ZzT_ ) (Zpr—i—ZzT_ /)
4, /@Wp@p! p p

_ / (27‘;% <altzzp+ Lm0 ))

The appearance of ) (0) is to be expected since the second term represents the sum of the zero-
point energies of all modes, and we are dealing with an infinite number of them here. However,
since this infinite energy shift cannot be detected experimentally—all experiments measuring energy
differences only—we could ignore this infinite term in all our calculations.

With the Hamiltonian found, we could show that [ﬁ] ) qu = a.JPZZ;r, and []:] ) Zzp} = —wpdp,
something which allows us to write down the spectrum for the Hamiltonian just as for the har-
monic oscillator. Since zp [0) = 0 for all p, it is taken as the ground state with an energy of 0 after

our dropping the infinite constant term above. All other energy eigenstates could be obtained by

18



acting on |0) with creation operators. In general, az,ajl ...|0) is the eigenstate of A with energy
wp + wq + . . .. This thing completes the implementation of canonical quantization to the KG field,
but at the same time, it presents us with a particularly important conclusion, something which has
to do with the statistics of the states above.

As we stated in section 1.1, the conserved charge corresponding to spacetime translation sym-
metry turns out to be four-momentum, and with the expressions we derived for it and the energy-

momentum tensor, we could find the three-momentum carried by the field:

P = —/d3x7z(x)V¢(x).

Then, promoting @ and 7 to operators, using their respective mode expansions, and performing a

calculation similar to the one done in the case of the Hamiltonian, we find that

A P .+
P= [ et
which tells us that a;r, creates momentum p and (as we saw for the KG equation in the Fourier space)

energy wp = 1/ p|* + m2. Likewise, the state a;f,aj] ... |0) could be interpreted as having momen-

tum p + q + .. .. Naturally, one feels inclined to call these excizations particles, for they are discrete

>

entities obeying the relativistic energy-momentum relation, but it must be realized that a particle
here is an excitation in some momentum eigenstate, not an entity localized in space. We do discuss
how the KG field creates particles in the position space later, but the important thing for now is that
the formalism we have developed allows us to determine the statistics of our momentum eigenstates.
Considering the two-particle state 212,213; |0), we see that it is identical to the state 213;21;[, |0), which has
the two particles interchanged. Moreover, a single momentum mode could have arbitrarily many

particles (a;r,a;r, ...]0)). We are thus led to the conclusion that these KG particles obey the Bose-
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Einstein statistics and could hence be reconginzed as bosons. In the wake of this observation, the KG
field itself is referred to as a bosonic field.

Having then learnt the way to (canonically) quantize a field related to bosons, we also note that
there exist particles that do not play by the same rules. Referred to as being fermions, they could
definitely not be related to a field like the KG field. What is needed is a field that gives rise to the
Fermi-Dirac statistics rather than the Bose-Einstein ones, and one such field happens to be the so-
called Dirac field. A field of mathematical entities known as spznors, the Dirac field is governed by

the Lagrangian density

L= 3}(17/‘3/‘—7%);#, (1.13)

where ¥is a spinor, or a4 X 1 column vector, the »* are some 4 X 4 matrices that satisfy {)**, "} =
2;7{“/, and ;_kis a row vector defined as ;ﬂ 70. With these definitions, we see that £ is a scalar, but as to
what motivates such definitions, we leave it out in the interest of covering the essentials of quantiz-
ing the Dirac field through the canonical quantization program.

Starting in the usual way, we use £ to calculate the field conjugate to y: 7 = IL/9y = 1p° =
uﬂ, where we employed {, ;/”} = 2’7;41/ and 1;0 = WL;/O for the last equality. Then, as before,
we promote ¥ and ¢/ to operators, thereby reaching the point that commutation relations are to
be imposed at. This very point is the one that the canonical quantization of the Dirac field departs
at from that of the KG field. It turns out that in order to have the right scheme for fields related to
fermions, one needs to use anticommutation relations in lieu of the commutation ones, and once
again, we leave the detailed discussion of this point out in the interest of covering the essentials of

the quantization. The anticommutation relations we impose are the following, and like equal-time
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commutation relations, they too are defined for equal times.

{76099 } = {#ex). 9y} =0
{%a(tvx)ﬂ};(tﬂ)’)} = aﬂg(B)(x_Y)' (1.14)

Here,  and 3 represent what are called spznor indices, or the components of the spinors being used
in the anticommutation relations. Once again, promoting ¥ and ;ﬂ to operators turns the Hamilto-

nian into an operator as well, and we could write

H= /d3x <7%(x)¢(x) - ﬁ) = /d3x;7k(—1)/8[ + m)y. (1.15)

Just like the KG field, the Dirac field also presents us with infinitely many degrees of freedom, mak-
ing it extremely difficult to determine the spectrum of the Hamiltonian; therefore, we again resort

to some mode expansions to get around this thing:

2

. 4 1 . e 5
¥(x) = /(27:))3 me’*’ ; <dpu (p) + b_Tsz(—p))

and

3 2
P = [ G =S (i) + i (p)

Za)p

ﬁ

=1

where 21}1; and l;;; are creation operators, 4, and Zp are annihilation operators, and #’(p) and v’ (p)
are some spinors. Even though we do not put forth the rationale for these mode expansions, we do
notice their resemblance with the mode expansions for the KG field, something which hints at their
having been obtained via a similar procedure. If {ZZ;, Ezi;r} = (27399 (p — q) and {é;, I;g} =

(27)285®) (p — q) now, with all the other anticommutators vanishing, then {;}a (x), ;};(y)} could
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be worked out correctly:

~ . 3,73
O

> ({ap.a } oyl (@ + {07,014} ot =p)ofl (—a)
x ¢ Pxtay)
:/ dp 1 ¢ (x=y)
(27)3 2a)p
0

X [(;/pr -y p+ m)aﬁ + (Pwp+y-p— m)dﬁ} y

— 5“/33(3) (x—y),

where we used some relations satisfied by the #’(p) and the v’ (p) for the first and second equalities:
>, @ (p)w(p) = ¥pu +m 2, v (p)7(p) = p*pu — myand ™ (p)o’(—p) = ' (—p)u’'(p) = 0.
Just as in the case of the KG field, we notice that we are working in the Schrodinger picture here. We
could, however, transition to the Heisenberg picture once we have the Hamiltonian in terms of the
creation and annihilation operators. To obtain such an expression for the Hamiltonian, we use our

mode expansions for ¥ and ;ﬂ in conjunction with Eq. (1.15), thereby getting the following:

H= / Py (—iy/0,+m) ¥
d3Xd3Pd3 \/f Z (b (@) + &1 () ) (e (p) = b1y (—p) ) P90
: / éi:;;; i () - ()
— Agl;;f,’ (;/T(p)zf( P)) + b}r,”_p ( rT(P)”%‘P)) }
-/ él‘;wp (o =ii) = [ 52 o s 3 (ady + Bl = (20500
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where we used (—yp; + m) u*(p) = °por’ (p) and (y'p; + m) v*(p) = —y°pov’(p) for the second
equality and "1 (p)a’(p) = '1(p)¢/(p) = 20p0™ and ' (p)’(—p) = " (~p)#’(p) = Ofor
the penultimate one. Now, since all experiments measure energy differences, the infinite energy shift
—(27)39®)(0) cannot be detected experimentally, and we could ignore it in all calculations. What
really needs to be noted here is that we did the final step, which involves the use of the anticommu-
tation relation {2, 4§ | = (27)*9"3) (p — q), explicily this time. It clearly shows that if we
had a commutation relation instead, then the integrand in the Hamiltonian would end up having
the term —w,, @;@;, which, in analogy with the particle interpretation we presented in the case of
the KG field, tells us that a particle created by the operator 2;; corresponds to the negative energy
—wp. That is, by creating more and more particles with é‘*, we could lower the energy indefinitely,
something which is disturbingly unphysical. This fact explains why canonical quantization applied
to fermionic fields (like the Dirac field) employs anticommutation relations rather than the commu-
tation ones.

With the Hamiltonian in hand, we could easily show that [H i } = wpdl, [H 2:;,} = —wyi,
[ﬁ, B } = wpbtf,and [H Zb;,} = —wpb,. Then, if we let |0) be the ground state, that s, &, [0) =
#,10) = 0 for all p, we could obtain all the other energy eigenstates by acting on [0) with the opera-
tors 2y and 4. This thing exhausts the spectrum of the Hamiltonian and completes the application

of the canonical quantization scheme to the Dirac field. As to the statistics of the states obtained in

this case, we could say that they are the Fermi-Dirac statistics. Exchange of two particles yields a neg-

ative sign: |p,7;q,s) = Zz:,TZZf]T |0) = —sz]T&lV,T |0) = —|q,; p, 7). Moreover, no two particles could
occupy the same state (also knwon as the Pauli exclusion principle): |p,s; p,s) = —|p,s; p,s) = 0.

One last thing we note is that the canonical quantization of the Dirac field yields two kinds of oper-
ators: the 4’s and the £’s. Whereas the former deal with the good old particles, the latter correspond
to what are known as antiparticles, but we leave any further discussion of this specific topic, for we

have attained the goal this section was primarily meant for: demonstrating the application of canon-
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ical quantization to fields.

In addition to describing how fields—both bosonic and fermionic—are to be quantized canoni-
cally, we use this section to make precise a claim we made in chapter o, namely that a quantum field
is capable of creating particles at any spacetime point. We illustrate this point via the example of the
KG field. Now that we have quantized it, we have obtained a quantum field, ¢(x), from the classical
KG field, p(x), and we claim that ¢(x) is capable of creating a particle in the vacuum at position x.

Explicitly,

gz:(x)\o)—/(;if)’ ; (a +2t,) er=[0)

— d3 1 #PX |_ d3p X |P>
(27)3 2wy (27)3 2

where we have used that |—p) = / Za),PZzT_p |0) (which comes from the Lorentz invariant nor-

malization of the momentum eigenstates) and w_, = wy, for the second equality. This expression,
apart from the factor 1/2wp, is the same as the nonrelativistic expression for the eigenstate |x); in

fact, the extra factor is almost constant for nonrelativistic p. Therefore, we could say that ¢(x) cre-
ates a particle in the vacuum at position x. This thing becomes further apparent with the following

calculation:

Lp 1 px .
(0] 3(x) |/ (apwip)ep o} [0) = &P o (x]p).

1.4 PATH INTEGRAL FORMALISM

Up till now, we have covered only one route to quantization, namely the canonical quantization.
This section aims to present an alternate route known as the path integral formalism. Not only
does it have the advantage of being much simpler, but it also is quite intuitive, for it uses classical

quantities in lieu of quantum ones, something implying that one does not get into the hassle of
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dealing with operators and commutation relations.

Our approach involves using the canonical quantization to derive the path integration method
for the simple classical system we introduced in section 1.2: a point particle of mass 7 moving in
potential (). The simple derivation we do later helps us to generalize our method to the context
of fields. With canonical quantization, or promotion of classical degrees of freedom to operators, we
could write the Hamiltonian for the system we wish to consider as

N
H="—+TV(x), (1.16)
2m

where ¥ and p, as before, denote the position and momentum operators, respectively, and satisfy
the commutation relation [x, p] = ¢ The primary quantum mechanics problem for this system

is the calculation of the amplitude that the particle starts in the state |x;) and ends in the state ‘xf>
after time ¢, and ordinary quantum mechanics does this calculation via the unitary time-evolution
operator U(t) = exp (—1[:[t) , which is a solution to the time-dependent Schrodinger equation. In
other words, ordinary quantum mechanics computes <xf‘ U(¢) |x;), which could be viewed simply
as the overlap of the time-evolved initial state (U (2) \xi>> with the final state (‘xf>) We show how
this overlap could be written as a path integral, but to do so, we need to compute (x| U(3¢) |') to

first order in J¢, where J¢ is a small time interval:

<x’ 671(1{,2/2m+V(5c))5t ‘x/> _ <x| 671(1{72/21%)§t€—zV(5c)3t€O((3t)2) ‘x/>

4, — (5% /2m)or —V(x)ot | .1
N E Tl I ™
_ [ [ (2 =¥ !
_/Zﬂexp[u?t(Zm P, + V(x)

_ \/Z exp [191‘ (;m(";j)z _ V(x’))} .

The quantity in the argument of the final exponential —barring the :—is nothing but the in-
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finitesimal action S(x’, x; 9¢), which corresponds to the particle’s moving from &’ to x in time 0%

therefore, to first order in d¢, we may write

(x| U(5¢) ) =

m ;o
5y &P (zS(x ,X; St)) )

With this result in hand, we could go on to write (/| U(#) |x;) in a similar manner. All we need to
do is to divide # into /N subintervals, each of duration /N, insert appropriate completeness rela-

tions, and apply a limiting procedure:

<xf‘ U(t) ;) = <xf‘ 0(1‘/1\[) .. 0(1‘/]\[) |x;)

N terms

N—-1
_ / TT 5 (o /N i) - -l D/ ) )
=1

N—-1

' mN N/2
:1\}'1—I>noo <27m> /de]-exp(zS[x])

=1

(xr2)
_ / [d] exp(uST]),

(:,0) (r.17)

where [dx] = limy_ o0 [[" (\ /mN/thdxj),S[x] = [ deL(x,%),and L(x, %) = (1/2)mi® —
V(x). The expression in the last line is what we have been referring to as a path integral, and it gives
an alternate way to calculate the amplitude <xf‘ U(t) |x;), a way which does not entail having to deal
with quantum states, operators, and so on; rather, a classical quantity, the action Sx], is used for
the calculation. The interpretation of Eq. (1.17) is that every possible trajectory going from x; to xf
in time ¢ contributes to the amplitude with a weight equal to the exponential of ¢ times the corre-
sponding action. The trajectories that action varies the least around (also known as classical trajec-
tories) contribute the most; the others get their contributions more or less canceled due to the huge

variation of action in the vicinity and the weight’s being the oscillating exponential exp (5[x]).
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At any rate, summing all contributions in the limit that their number gets infinitely large, or in-
tegrating exp («S[x]) over all possible paths going from x; to x¢in time ¢, yields the full amplitude
<xf‘ U(t) |x;). We have clearly found a new way to compute the said amplitude, and it not only by-
passes the machinery of ordinary quantum mechanics but also allows us to use our knowledge of
classical mechanics to do the calculation. In fact, this new scheme could be used to calculate the

amplitude for the general state WZ> to evolve into the state ’;kf> after time ¢ since

(1) 061 1) = [ it o) (s 000 b

and we already have the path integral expression for (x| U(#) |x;). This very thing provides us with
the motivation to see Eq. (1.17) as the starting point for all of quantum mechanics. It is completely
equivalent to the Schrodinger equation (in terms of incorporating system dynamics) and allows for
the calculation of the same quantities—albeit in an alternate manner. We have derived it for a time-
independent Hamiltonian, but the result holds for a time-dependent Hamiltonian as well since all
that matters is the infinitesimal amplitude (x| U(9¢) [«).

With this simple derivation of the path integral formalism done, we state that the path integral
quantization of a bosonic field, @, is not more difficult conceptually. What we do is simply redefine
the integration measure by dividing the spacetime into infinitesimal intervals and integrating over
o(z,x) at every x. The probability amplitude for the transition of the configuration @, (#;, x) into

the configuration @ j(z‘f, x) may then be written as

(ot 0)) = [ldote. ) expliste). (1.18)

A similar path integral could be written for a fermionic field as well, but since doing so requires

introducing objects called Grassmann numbers and related paraphernalia, we defer writing it (or
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something closely related to it to be precise) to a future point in this work. Having introduced clas-
sical fields and the techniques to transition to quantum ones in this chapter, we move to actually
using quantum field theory to calculate physically important quantities in the next. In particular,
we calculate quantities called correlators, which are crucial as far as processes like scattering are con-
cerned. This calculation forms the subject matter of the next chapter primarily, and we do it via
both of the quantization techniques we introduced in this chapter—canonical quantization and

path integration.
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Figure 1.2: Path integral formalism. Despite being a little facetious, this analogy captures the spirit of the path integrals
approach. Although all paths contribute, the contributions of the most deviant ones cancel.
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“Since then I never pay attention to anything by ‘experts.’

1 calculate everything myself.”

Richard Feynman

Correlators>”

Now that we have erected a mathematical scaffolding to work with quantum fields and quantum
field theory, we could start doing some simple but important calculations. They are simple in that
they involve what are known as free fields only—fields not interacting with themselves or any other
field—and they are important in that they bear physical import of a great consequence. To be pre-
cise, we calculate quantities known as correlators, which, loosely speaking, are like the amplitudes

we discussed in section 1.4 of the previous chapter. They prove quite significant when it comes
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to calculating probabilities, cross sections, and so on for various kinds of scattering processes, an
example being two incoming particles’ getting destroyed to produce two outgoing (or scattered)
particles. We start by delineating the meaning of a correlator and discussing the mathematical pre-
liminaries that allow us to calculate correlators via both Hamiltonian field theory and path integral
formalism. Then, we explicitly do these calculations for the Klein-Gordon and Dirac fields, working
out extremely simple correlators for each of them. Finally, we append a short section detailing the
derivation of the so-called Wick’s theorem through the mathematical techniques we introduce right

in the beginning of this chapter.

2.1 MATHEMATICAL PREAMBLE

Quantum field theory deals with transition (or scattering) amplitudes between asymptotic states,
also known as free particles, and these amplitudes are given by correlation functions, or correlators.

Given a field, @, we denote its z-point correlator as (@(x1) @(x2) . . . @(x,,)) and define it as

(p(a)p(x2) - - pxn)) = (O T(p(31)p(x2) - - - 2(x)) 0) , (2.1)

where |0) is the ground state and 7 is the time ordering operator. This operator puts the factors
following it (which happen to be operators themselves) in a chronological order from right to left;
that is,

T(p(x)p(x2) - p(xs))

T(p(t,x)@(t2,%2) - - @(tn; %n))

= o(t1,x1)P(t2,%2) - - - @(t0, Xn)

P(x1)(x2) - - @)
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ity > 1, > ... > t,. Justlooking at the expression in Eq. (2.1) and recalling the mode expansions
covered in section 1.3 tell us how we could go about evaluating a correlator with the Hamiltonian
field theory: simply replace the field operators with their corresponding mode expansions, collect
the nonzero terms after the action of the creation and annihilation operators, and perform appro-
priate integrals. What needs to be considered, however, is that the same correlator could also be
evaluated with the path integral formalism, and we discuss the details of the calculation here. In or-
der to keep the discussion simple, we follow precisely the same sequence as the one we adopted to
first introduce path integrals in chapter 1; that is, we begin by presenting the problem in the context
of a point particle rather than fields.

Keeping the comparisons between the point particle and fields in view, we may write the z-point

correlator for the former as

G(0)i(8) . .. 2(8,)) = (O] T (#(1)i(t2) - .. 2(8,)) |0) .

This expression could be manipulated and written instead as

(0] &0 p6=0) o)
(0] eH(ti—1) 0)

i

for from ordinary quantum mechanics, we know that x(z) = exp (z[:]t> xexp (—z[i[t) with x being
attime ¢ = 0. Now, if Wl> and ’¢f> are two arbitrary states with nonzero projections on |0), then a
ratio of the type (0] O1|0) / (0] 0 |0), where O; and O, are generic operators, turns out to be equal

to

) <¢f‘ g—sz[:[(l—ze) Ole—zﬂ-ﬁl(l—tz) ‘%>
111

~ ~ N b
T, Ty — 00,6 — 0 <¢f‘ eﬂTfH(l*ls) Oze—lT,-H(lfzz) ‘ %>
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for if |z) is an energy eigenstate with energy E,, then

6—17}1:1(1_’5) ‘%> _ Ze—zTifJ(l—lf) |7l> <n‘%>

_ ZeftTpEn(lfzz) ‘}’l> <”‘V,>

. e_le-Eo(l_‘E) |0> <0‘%>

ife - 0and 7; — o0. Of course, we assume here that £y = 0 (we shift H by an appropriate con-

stant if such is not the case), the ground state is nondegenerate, and there is an energy gap between it

and the first excited state. Then, setting O; equal to

zetla—n)gptlln—n) = &

and O, equal to e H(n—1,)(1—e)

(%

, we obtain

lim
T3, T — 00,6 = 0

e—leH(l—ls)&elli[(tz—tI)JAcelf—[(Q—tz) . 566_,7*1.]:](1_15) ’¢l>

< ?f‘ o~ H( T Tt —5,) (1-12) W>

If we insert completeness relations at appropriate places now, replace the time-evolution operators

by path integrals, and do the 7; and Ty limits, we reach

o o L@y (ena(n) - x(2n) exp(eSefx(2)])
(#(n)2(n2) ... &(1,)) = lim, T G ) e S ,

where S, denotes the action obtained by replacing # with #(1 — t¢) and x; and xrare taken atz —

F o0, respectively. Since the wavefunctions ¢, and ¥ are arbitrary, we may set both ¢, (x;) and
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;kf(xf) equal to 1, thereby getting

G(0)i(s) . . .4(1,)) = lim J1dx(®))x(n) - x(6) exp(eSclx(2)])

haar [ [dx(2)] exp(iS.[(0)]) (22)

It might seem that evaluating correlators this way is as cumbersome as—if not more than—
evaluating them with Hamiltonian field theory. However, we show why such is not the case. The
expression in Eq. (2.2) could be adapted to the case of fields by simply replacing x with @ every-

where, and the result obtained thereupon, that s,

s o)) — iy J192OIR(@) - - p(t) exp(eSi[e(7)])
<¢(z‘1)¢(t2) s @(tn» - 51_>0 f[d@(t)] exp(ng[p(t)] ’

could then be generated by something known as a generating functional via the technique of func-
tional differentiation. This very technique reduces calculating any correlator to merely taking
derivatives.

A generating functional could be understood as being a path integral with a parameter (also
known as auxiliary “current”) that one could repeatedly differentiate with respect to in order to

get progressively higher correlators. For example, the path integral

201 = [taglesp (sl + 1 [ daiaioto) (23)

could serve as the generating functional for the case at hand. /(x) here is the aforementioned param-

eter. Differentiating with respect to it once is like

0
(1)

zwuwmwmﬁwijmm&
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twice is like

0 0
(1) I(x2)

2= 2 [ dglptm)ple) exp (:&m +of d4x](x)¢(x)>,

and z times is like

J J

s g2 = [lalote) ot e (15le] +1 [ et ).

The pattern emerging with these successive derivatives allows us to see that

G101
1) e ()

Z[ﬂ’ : (2.4)
/=0

(P(a1)p(x2) - p(xa)) = Z[0]

The implications of this result happen to be quite remarkable, for what it essentially means is that
given the action S[@], one needs to evaluate the generating functional in Eq. (2.3) only, and then,

any correlator could be worked out using Eq. (2.4).

2.2 FREE BOSONIC FIELD

As stated in section 1.3, the Klein-Gordon (KG) field is the simplest to be studied both classically
and quantum mechanically, and it also serves as the prime example of a free bosonic field. It is free in

that its Lagrangian density,
1 1

_ 2 12 2
L=>(0up) —5me",
does not have terms with powers of @ greater than 2 or terms involving fields beside ; it is these
terms that correspond to interacting particles and, thus, interacting fields. The bosonic nature
of the field comes from the commutation properties of the creation/annihilation operators used

in its mode expansions, and to calculate its correlators via the Hamiltonian field theory, we refer
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back to these very mode expansions, which we introduced in section 1.3, but write them in the

Heisenberg—rather than the Schrodinger—picture this time:

dp 1
- _ A —Ipx ~T px
o(x) /(27[)3 2o (dp«? + age )

70 = [ a2 (e - afe)

ﬁ

0_—
P =wp

and

P'=wp .
Then, we could write a 2-point correlator for the KG field as
(p(x)p(y)) = (0| T(p(x)p(y)) |0)
= 0(xo — y0)D(x — y) + 8(yo — x0)D(y — x), (2.5)

where ¢ stands for the usual Heaviside function and helps put the action of the time ordering opera-
tor into mathematical form. D(x — ), on the other hand, stands for (0| ¢(x)@(y) |0), which, when

worked out using the mode expansions above, turns out to be equal to

dp 1 —1p(x—y)
(273 2E, © 0—£,”
P P =Lp

Here, we have replaced wj, by Ej, since E, = hiwp and we set /i equal to 1 everywhere. Now, if xg >
0, then the correlator required is D(x — y), and if xg < o, the correlator is D(y — x). However,
this thing amounts to having two different expressions for same 2-point correlator. Working to find

a single expression, we realize that

d'p 1 e
DR(x—y):/(zﬁ)/}pz_ng ip(x—y)
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could be used with the pole prescription in Fig. 2.1 to evaluate the correlator in both of the cases
above. Whenxg > yp, we perform the p° integral by closing the contour below, and we obtain

D(x — y); whenxy < yp, we do the po integral by closing the contour above, thereby obtaining

D(y — x).

. ’ O,
v : +Lp

Figure 2.1: Pole prescription for the KG-field 2-point correlator. When x > 9o, the contour is closed below; when
xo < Yo, the contour is closed above.

A convenient way to remember this prescription, also known as the Feynman prescription, is to

write

d'p ; il
Dis =) = [ o h . (2.6

for the poles are then given by p® = +(E,, — ), displaced appropriately below and above the real
axis. Thus, we could finally say that (¢(x)@(y)) = Dr(x — y), something which amounts to the fact
that we have successfully calculated the 2-point correlator for the KG field (or a free bosonic field)
via the Hamiltonian field theory.

Proceeding to work it out now via the path integral formalism, we begin by introducing the fol-

lowing Fourier and inverse Fourier transforms:

a(k) = / et ()

and

o) = [ ﬁe—’kx¢<k>.

36



Then, using them in S§p = S + f d4x]¢>, with S being

/d‘*xL = /d‘*x B(a#;a)z - %ngpz :

we obtain

In these calculations, / is the what we referred to as an auxiliary current in section 2.1, and we have

Fourier transformed it just as we Fourier transformed ¢. If we now change variables via

we could rewrite Sy as

5= [ o | A e = )|

2) @r)t | B2 —m?

Since we want to find the 2-point correlator by way of path integrals this time, we need, as we estab-
lished in section 2.1, a generating functional, and we use the one we gave in Eq. (2.3). It should be
noted that the argument of the exponential—barring the 1—is the same as S, and we thus use the

expression we found for S to get
2= [tagenls [ ot [PEC e - i)}

B exp(‘é/ é:;W) exp(é [ | ﬁﬂw% - m2>;z<—/e>>
— 0] exp<_‘/ d'k W)

2) (2nm)* k> —m?
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where we used the change of variables from ¢ to y in the first line and the fact that the exponential
without any /is simply Z[/] with / set equal to 0 in the third line. At this point, we broach that we
used #(1 — ) instead of # in section 2.1; doing so has the same effect as replacing 7* with m* — ¢

everywhere, and hence, we could write our generating functional as

2=zl [ S D),

which could be further simplified to get to

2 = Z[0] exp <; / A J() A (x — x'y(x')> . (27)

Here, we have used the definition

4 _—tk(x—x")
A(x _ x/) — / (d k €

27)% k2 — m? + e

and put our generating functional into a rather suggestive form, one which gives the hint that we are

right on the track to finding correlators via path integrals. Then, using Eq. (2.4), we have

_1} 5 1 5
1 9f(x1) ¢ 9f(x2) /=0

= Lty (] et —om)z]|

1
= ;A(xl — xz)

4
_ / (d k [ glee(xlfxz)’ (2..8)

2m)4 k2 — m? + e

(p(x1)p(x2)) = Z[0]

71

which is the same as Dr(x; — x) except for its having £ in place of p. However, this thing is not an

issue since p = hk and we set /i equal to 1 everywhere. Clearly then, we have been able to calculate
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the 2-point correlator for the KG field both by Hamiltonian field theory and by path integral for-
malism. Particularly important to note is the ease that the latter provides us with; for instance, we

could simply continue differentiation as shown in Eq. (2.8) to obtain higher and higher correlators.

2.3 FREE FERMIONIC FIELD

Just as the KG field serves as the archetypal example of a free bosonic field, so does the Dirac field,
as discussed in section 1.3, form the typical example given when it comes to free fermionic fields.

Governed by the Lagrangian density

£ = Y(ofd, — m)y:

the Dirac field is free in that its Lagrangian density is bilinear in ¢ and ¢ and does not have terms
with fields beside either of the two. The fermionic nature of the field is encapsulated by the anti-
commutation properties of the creation/annihilation operators we introduce in its mode expan-
sions, which we go back to in order to use the Hamiltonian field theory to calculate the correlators.

As presented before (section 1.3), the mode expansions are given by

g _ d3p 1 - A5 S —1px Z;JTUJ 1px
%(X) _/( 3\/%; (dp% (P)e + P (P)E >p0:wp

and

N >
/o)1= |

The only difference is that we have chosen to write them in the Heisenberg picture, instead of the

2
> (B (e + i (pe
\/ 2w
P —1

00—
P =wp

Schrodinger picture, this time around.
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The 2-point correlator for the field could be defined as

(W) = O T (H2)9)) [0)

= O(xo — 70)S(x — y) — 8(yo — x0)S(y — x), (2.9)

and S(y — x) is 0]1}()/ ¥(x)|0)

where 8 is the Heaviside function, S(x — y) is (0] $(x) ;Tk(y |0),
When worked out using the mode expansions above, (0| ¥(x );Tk(y) |0) and (0| ;k(y x) |0) yield

dp 1
0100 = [ 555 et me o)

P'=Ep

and

= 3
OO 0) = [ 8o (= mpert

P=E

respectively, where we have replaced wp, with £, everywhere for the same reason as in the last section
andused ) | #'(p)#’(p) = y*p. + mand ) v’'(p)v'(p) = y*p. — m. Onceagain, if xo > o,
then the correlator is S(x — y), and if x9 < yp, the correlator is S (y — x). What we need, however, is

a single expression for the 2-point correlator at hand, and we note tha
gle exp for the 2-point lator at hand, and te that

d4
Sule =) = [ Gl a e o)

could be simplified with the pole prescription in Fig. 2.1 to get the correlator in either of the cases.
When xg > o, the p° integral should be done with the contour closed below to obtain S(x — ¥);
when xy < 7o, the p° integral should be done with the contour closed above to obtain S(y — x).
Much more convenient, as was the case for the KG field too, is to use the Feynman prescription and

write

d'p ‘ —ip(x—)
SF(X*}/) = (27[)4p2_m2+12(7/upﬂ+m)6
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since the poles are then p° = +(Ep — t¢), that s, they are displaced appropriately below and above

the real axis as shown in Fig. 2.2.

: X O

Figure 2.2: Feynman prescription for 2-point correlators. When xy > o, contour Cris closed below; when xy < 20,
contour C is closed above.

Hence, we could finally write <1;k(x) 1}()/)> = Sr(x — y), which means that we have successfully
evaluated the 2-point correlator for the Dirac field (or a free fermionic field) via the Hamiltonian
field theory and can now proceed to working it out via the path integral formalism.

However, before subjecting fermionic fields to the machinery of functional differentiation, we
need to ensure that we have something incorporating their anticommutation properties, and we
get this thing from the so-called Grassmann algebra. It could be defined as a vector space, V, con-

structed from, say, # generators ¢; that satisfy the antisymmetry product
6:6; + 6;6; = 0. (2.10)

A generic element of a Grassmann algebra is hence a first-degree polynomial in the generators &;,

that is,

_f(az) = i i Cz('lle,?..,z'/cel'l s el'/e’

k=0 71,...,%}

. k
where the coefficients C( )

Z’],..

i, are defined only if all their indices happen to be different and a stan-
dard ordering is defined on these indices. What these definitions imply is that the dimension of a
Grassmann algebra equals the number of distinct monomials that could be constructed from the

¢;, namely 2”. Just as examples, we could consider the generic elements of Grassmann algebras with
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n=1andn = 2.

n=1— fl) =c+ab;

n=2 — f(&l, 52) =9+ 16 + 265 + c12616;.

Clearly, any other terms added to these expressions would either be redundant or be zero as per the
anticommutation properties of the &;.

The &; are often called Grassmann variables, and the elements of the algebra, being polynomi-
als in the &;, are often referred to as functions of Grassmann variables. With functions in hand, we
could proceed to defining differentiation on a Grassmann algebra by treating the &, as ordinary vari-
ables with anticommutation properties appended. A convention must therefore be adopted: the
variable a function is being differentiated with respect to must be brought to the left of every expres-
sion before the derivative is taken. As an example, we could consider the derivatives of /{6, 62), a

function of Grassmann variables which we gave above.

0
8791(}[(61’ 8:)) = a1 + c12b;

0
6792(f(5h 62)) = 2 — 1261

Since functions of Grassmann numbers are at most linear in the §;, the differential operator 9/99; is
nilpotent, thatis, (0/ 89,-)2 = 0. In fact, these operators, together with the ;, form what is known

as a Clifford algbera, that is, the following are satisfied.

66+ 66 = 0;
)

0o 00
00,00, = 09; 99; ’
0 0
O,— + =06, = J;. .
3(9]' + 36} 5] (2.11)

We end our discussion of Grassmann numbers here, for we have established everything we need for
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our primary task: calculating a 2-point correlator for the Dirac field. This time, we take a somewhat
roundabout route that does not precisely use any path integrals with fermionic fields but takes us to
the essential thing that a path integral would lead to, that is, a generating functional. This functional
could then be used with functional differentiation to generate correlators as desired. We go this
indirect way to show that a generating functional for correlators need not always be worked out
directly from the action.

We start with the functional

Zipgl = 01T esp [ &' (50949 + Ho9nto)) | 1o,

where 7 and 7 are spinors (just like ¥ and ¢) that play the same role as that played by an auxiliary
current. An important thing to note is that the functions 7 and 7 are Grassmann-valued, and we
take them as anticommuting with ¢ and ¢ as well. We would also assume that functional derivative
operators involving 7 and 7 comprise a Clifford algebra with 7, 7, ¥, and ;} It is easy to see how

functional differentiation could be used to generate the correlator <;}(xl)¢(x2)> in the following

way:

(He)9(w)) = 20,01

If we now begin with

9z _ S0 I OVOH00)
s =0 (34 )io

and apply 1y*0, — m to both sides, we end up with

74
77(x)

(0 = m) = vy(x)Z,
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which could be shown to be satisfied by

Zly,7) = Z|[0, 0] exp </ d4xd4y77(x)SF(x —y);y(y)) (2.12)

since (40, — m)Sp(x — y) = 10 (x — ). Then,

J J

O T (#w)#x2) ) l0) = Z[o, 0] () 3n(a)

Zlp,7)

7=0,7=0

=-Z[0 ( &) Sk — x1)> Zly, 7]
7=0,7=0
= SE(x1 — x2)
d* .
N / (275‘* il 7;2 Vet me =), (2.13)

Seeing that this result is precisely the same as the one obtained from the Hamiltonian field theory,
we could say that we have been successful in finding the 2-point correlator for the Dirac field via the
path integral formalism too. Again, we notice the ease that path integrals afford: simply continuing

to differentiate Eq. (2.12) allows us to find progressively higher correlators.

2.4 WICK’S THEOREM

This section is devoted to simply further demonstrating the facility that the technique of functional
differentiation accouters us with. It does so by showing how naturally the famous Wick’s theorem
could be seen in terms of functional derivatives.

What Wick’s theorem actually does is that it connects the operation of time ordering with the
operation of normal ordering, which is represented by the so-called normal ordering operator N.
This operator arranges the factors following it (which themselves happen to be operators and field

operators to be precise) in such a way that all the creation operators are brought to the left of all
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the annihilation operators. The way Wick’s theorem connects 7 and N could best be shown by an
example. For the field @, let us define @, to be equal to ¢(x1), @, to be equal to @(x,), and so on up

to @ . According to Wick’s theorem then,
T(p,0,-.-0,) =N(p,0,...0,)+ N(All possible terms with Wick contractions),  (2.14)

where a Wick contraction refers to the replacement of a pair of fields with the corresponding 2-point

correlator. To nail this point even more, we consider

1 1 1
T(210,0:05) = N(010,050,) + N(p,020,0,) + N(,0,030,) + N(0,0,0,04)

1 1 1 1 1
+ N (p,2,030,) + N(p,0,0504) + N(p,0,0504) + 0,020;04
1 T
+ 019, P304 + 1P, P3P4.

Each of the lines connecting the fields represents a Wick contraction, meaning that the fields in-
volved would be replaced by their correlator. With the description of Wick’s theorem done, we now

go to show how we make functional derivatives enter the picture. Beginning by considering

exo( [ 569 (ol o).

where ¢(7) stands for ¢(x;) and

/ lG§§
2

1 ) )
/x,y 2909 550 300

with G(x, y) representing a general 2-point correlator for the field @, we could do the following

stands for
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calculation:

9
—i—/xG(x, 2>5¢’(’¢)¢(1)> = G(1,2).

It clearly shows that application of [ (1/2)Gd3 replaces the two fields with their correlator. Making

the calculation a little general then, we see that

/;GSSQ(I)gp(Z) ... o(N) = ZG(;‘,J‘)¢(1) i —De(i+1)...

i<j

o —De(i+1)...0(N).

As is evident, applying a single power of [(1/2)Gd9 to a collection of fields gives all possible forms
of that collection with a single Wick contraction. This thing motivates us to see the application of

the second term in the expansion of exp [ [ (1/2)Gd9] to a particular set of fields:

% / %G” / §G99¢(1)¢(2)¢(3)¢(4) = G(1,2)G(3,4) + G(1,3)G(2, 4)

+ G(1,4)G(2,3).

Clearly, applying two powers of [ (1/2) G99 as they appear in the expansion of exp|[ [ (1/2)Gd3] to
a collection of fields yields all possible forms of that collection with two Wick contractions. In fact,
comparing the result just obtained with the concrete example we gave for Wick’s theorem shows

that we have all possible terms with two Wick contractions.
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Continuing this very way, we obtain the result

1
exp </ 2635) 2(1)...o(N) = p(1)...(N)
+ Z Terms with 1 Wick contraction
+ Z Terms with 2 Wick contractions

+..., (2.15)

which essentially says that in order to apply Wick’s theorem to a time ordered set of fields, subject
that set to an application by exp [ J(1/2) G93] and normal order the result. What is of particular
interest here is that one gets all possible contractions automatically and does not have to think as
to which ones are left. We may, in fact, refer to this description of Wick’s theorem as a particularly
neat derivation of it. It is the technique of functional differentiation that does the trick here, and it
is this very technique that makes path integrals so useful when it comes to using them to calculate
correlators.

This chapter was primarily devoted to the calculation of free bosonic and fermionic correlators
via both Hamiltonian field theory and path integral formalism. It is true that working correlators
out is important from the standpoint of physical interest, but we had another reason, which we have
not brought up as yet, to study them in detail. As of next chapter, the work enters the discussion
of conformal field theories, which are quantum field theories that correlators play a particularly im-
portant role in, so much so that it is possible in some cases to completely define such theories solely
on the basis of symmetry properties of the correlators and without reference to any Lagrangians or
actions. With this slight motivation for what is up next, we end this chapter on correlators, looking

forward to the discussion on the subset of quantum field theories called conformal field theories.
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Symmetry is what we see at a glance.”

Blaise Pascal

Conformal field theory'>*

Beginning with a general discussion of the meaning of a quantum field (chapter o), this work moved
to detailing some quantization techniques (chapter 1), which essentially are procedures taking one
from the world of classical fields to the realm of quantum ones. Thereafter, it proceeded to using
quantum fields to calculate physically important quantities known as correlators (chapter 2), and
the calculations were done for both bosonic and fermionic fields. As from now, the work shifts

from studying quantum field theories in general to poring over a particular subset of them that
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quantities like correlators form an extremely important part of—so much so that it is sometimes
possible to completely define and solve such theories through the symmetry properties of their cor-
relators only. This subset consists of theories called conformal field theories, or CFTs for short, and
their defining feature is that they show some sort of invariance under what are known as conformal
transformations.

The first goal of the current chapter is to discuss these very transformations and the kind of sym-
metry group they form. It then presents these transformations in the context of both classical and
quantum fields. Finally, it includes a detailed consideration of 2-dimensional CFTs, which are par-

ticularly interesting due to the many constraints they come with.

3.1 THE CONFORMAL GROUP

Denoting by g,,, the metric of a spacetime of dimension d, we could define a conformal transforma-
tion of the coordinates as an invertible mapping, x — «/, that leaves the metric invariant up to some

positive scale A:

g;w(x,) = A(x)gu (). (3.1)

Put in some simpler terms, a conformal transformation is equivalent at every point of spacetime to
arotation and a dilation. In an even more simplified manner, conformal transformations could be
called the transformations that preserve angles. Manifestly forming a group, the set of conformal
transformations definitely has the Poincare group as a subgroup, for this latter group corresponds to
the special case A = 1.

We begin our study of conformal transformations by working out the constraints that Eq. (3.1)

puts on an infinitesimal transformation of coordinates, v* — x* = x* + &*(x). To first order, the
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change in the metric is given by
Lo = Guv — (D + Do),
which, when seen jointly with Eq. (3.1), requires that
Oty + Oy = flx)gun-

flx) here could be found in terms of the ¢*(x) by tracing both sides, a fact which allows us to rewrite
the equation above as

2
Oy, + Oy, = 2(8/;5/0)&”. (3.2)

This relation does comprise constraint for the infinitesimal & (x), but to determine the explicit form
of conformal transformations in 4 dimensions, we need some further constraints as well, one of
which could be derived from subjecting Eq. (3.2) to application by 0,, permuting indices to get
three equations, and taking a certain linear combination (subtracting one of the equations from the

sum of the other two):
2 2
2@,8@, = E(gﬂﬁa” +g7,ﬁ({9‘u —g}w@,)(alg ). (3.3)

Another constraint could be obtained by contracting this one with ¢#” and applying [1 = (9#8/‘ to
both sides:
(2— d)(?},&,(@ﬁzf)) = gﬂ,,D(('}'ﬁy").

It could be written in a more compact form, which is the form that we actually use, by contracting
with ¢* once again:

(d -~ 1)0(0,#) = o. (3.4)
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Egs. (3.2), (3.3), and (3.4) thus put constraints on the infinitesimal &*(x), and we could see what
those constraints are for different possible d. First, when d = 1, there are no constraints on &*(x),
meaning that any smooth transformation in 1 dimension is conformal. We leave the case d = 2 fora
later discussion. The case d > 3 then becomes our focus for now.

Whend > 3, Eq. (3.4) implies that [1(0,¢”) = 0. Since [] = 0,0, we could say that 9,¢" is at
most linear in the coordinates. This thing, in turn, tells us about £*’s being at most quadratic in the

coordinates, thereby allowing us to write

€ = dy + by’ + €y’ (3.5)

)

with ¢ = €40 and |2, ], ||, [uss| < 1. Now, since the constraint equations hold for all space-

time points, we may consider each power of the coordinates independently. The constant term a*
is not constrained by any of the constraint equations, and it represents an infinitesimal translation.
When the term linear in %, that is, bﬂyx”, is putin Eq. (3.2), we obtain
2.
b‘uv + bvy = 7b),n/w)

d

which implies that 4,, is the sum of an antisymmetric part and a pure trace:
by, = 7, + My,

where m,, = —m,,. Whereas the pure trace results in an infinitesimal dilation, the antisymmetric
part effects an infinitesimal rotation. The term in Eq. (3.5) that remains to be investigated is the

quadratic term, and when we substitute it in Eq. (3.3), we get
Cuvp = ;7[ujob7/ + 77{4Vbﬁ - ;71/Jobx“
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with b, = (1/d)c”,,, and the corresponding transformation is given by

A = 4 2(b,) " — b,

which is referred to as a special conformal transformation, or SCT for short. Finite transformations

corresponding to the infinitesimal transformations just discussed are given in the following list:

Translation — x* = »* + &*
Dilation — x* = ax*

Rotation — x* = M“x"

a — b
SCT — «* = 6
IR (3.6)

The first three exponentiations are familiar from the usual symmetry transformations in classical
mechanics, but the last one is not. Its validity, however, could be seen from the fact that its infinites-
imal version, which could be obtained by expanding the denominator for small &, is precisely the

one given above. The factor scaling the metric for an SCT is

A(x) = (1= 26,8 + b5%),

and we also note that a finite SCT could be rewritten as

P

X2 A2

What this set of relations says is that a finite SCT could be viewed as inversion of x* followed by the

translation 4“, which, in turn, is followed by yet another inversion (see Fig. 3.1).
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Figure 3.1: Special conformal transformation (SCT). An inversion is followed by the translation #“, which is followed by
yet another inversion.

It is common to refer to a transformation via its generator, G,, which is defined by the following

infinitesimal transformation at the same point:

o' (x) — p(x) = —1w,G,p(x). (3.7)

The w, are the same parameters that were introduced in Eq. (1.5) of chapter 1. In fact, we could use

Eq. (1.5) to do the following calculation:

OF
() = pl) + 0 o (1
Ox* oOF
= p(«') %878#@(3/) + %87(90’)-

Comparing this result with Eq. (3.7) allows us to write

1G,p = a—x#({“) 0F
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Now, if we assume for the moment that the fields themselves are not affected by any of the infinites-
imal transformations (that is, 7 (@) = @), then the generators for these transformations, found via

Eq. (3.8), turn out to be the following:

Translation — P, = —0,
Dilation — D = —u"0,
Rotation — L, = 1(x,0, — x,0,)

SCT — K, = —1(2x,5"0, — xzf)ﬂ) (3.9)

Satistying the following commutation relations, these generators define what is known as a confor-
mal algebra.
[D,P,| = iPy;
[D,K,| = —iK,;
[Ku, P = 20(guwD — Lyy);
(Ko, L) = gk — g0Ke);
[Pps L] = 1(gpuly = govPu);

[L/wa Lﬁa’} = l(ngoL‘zw ""_glua'[lvjo _ggz/oLVJ - ng‘ujo)- (3.10)

It behooves us at this point to distinguish the conformal algebra formed by the generators above
trom the conformal group formed by the finite transformations in Eq. (3.6). Whereas the conformal
group is the group comprised of globally defined, invertible, and finite conformal transformations,
the conformal algebra is the Lie algebra corresponding to the conformal group.

To simplify the commutation relations above, we define the generators J,, = Ly, /1, =

(1/2)(P, — K,),J10 = D,andjfo, = (1/2)(P, + K,), where[,; = —Jpsanda,b €
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{-1,0,1,...,d — 1}. They satisfy the commutation relations of the Lie algebra SO(d + 1,1):

Vit Jed) = 1(gaalvc + GocJad — LaJbd — Zodac)-

Therefore, the conformal group in d spacetime dimensions is isomorphic to the group SO(d + 1,1),
having d (from P,) + 1 (from D) + d(d — 1)/2 (from L,,) + d (from K,)) = (d +1)(d + 2)/2

gener. ators.

3.2 CONFORMAL SYMMETRY IN CLASSICAL FIELD THEORY

In the classical regime, a field theory is said to have conformal symmetry if its action is invariant
under conformal transformations, and a discussion of conformal symmetry in this regime entails
studying how conformal transformations go about affecting fields. Essentially, for an infinitesimal
conformal transformation parameterized by wg, We seek a representation, T, such that a field, g,

transforms as

?'(0) = (1 — 1w, Ty) p(0).

The generator 7, must then be added to the spacetime part given in Eq. (3.9) to obtain the full
generator of symmetry as given in Eq. (3.8). The trick we use is to consider a subgroup of the full
conformal group that leaves the origin (x = 0) fixed, that is, the subgroup generated by rotations, di-
lations, and SCTs. Finding a representation of this subgroup at the origin, we use the commutation
relations in Eq. (3.10) to translate the generators of the representation to other points in spacetime
and get the full conformal group there.

For instance, using A, S, and &, to denote the respective values of the generators D, L,, and K,

at the origin, we know that they must form a representation of the reduced conformal algebra that
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satisfies the following:

[A,S,,] = 0;
(A, %) = =155
(%, K] = 0;

[Kﬁ’ S{‘V:I = l(?ﬁ#KV - Vf;vxﬂ)’

[S#Vﬂ ‘S;W] = l(%)ﬁS/‘F + ;7/MSVJ° - ;7[4/057"7 - 77Vf9/‘/0)'

Now, we translate these generators using the translation operator, the commutation relations in

Eq. (3.10), and the famous Baker-Campbell-Hausdorff formula:
¢ De ¥ = D+ XD,

6”fPfLWe_’”pr’ = Sy — 5, L + %, P,

and

e’”oPﬂKﬂeﬂ’fPf =K, + 2x,D — 27 Ly, + 2x,(x"P,) — 57D,

These translated generators tell us how the field would be aftected at points of spacetime difterent

from the origin, for we get some new transformation rules, that is,
Dp(x) = (—ux’0, + A)gp(x),

Lp(x) = 1(%,0, — %,0,) p(x) + Sip(x),

and

K,p(x) = (x, + Zx#A — 2078y, — 22,670, + 1278, p ().
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Now, if we require that ¢ belong to an irreducible representation of the Lorentz group, then accord-
ing to Schur’s lemma, a generator commuting with all the S, must be a multiple of the identity,

and with the commutation relations for A, Suvs and Ku> WE could conclude that it is A that should

be proportional to the identity. The commutation relations also show that in this particular case, all
the x, vanish. Setting A equal to —¢A then, where A is what is known as the conformal dimension of
the field, we could show the result (a result which we leave the proof of) that a (spinless, or S, = 0)

field, @, transforms under a conformal tranformation, x — «/, as

—A/d

=12 o, (3.11)

10l ox
@(x)_ 8.76

where |0« /O] is the Jacobian. A field transforming in this way, as we discuss in detail later too,
is called a quasi-primary field. Having explicit forms of the generators and the way they act on the
field @ in this case, we could go on to construct an action that is invariant under the transformations

that the generators effect, namely the conformal transformations.

3.3 CONFORMAL SYMMETRY IN QUANTUM FIELD THEORY

To discuss conformal symmetry in the quantum regime, we look at the consequences it has for 2-

and 3-point correlators of quasi-primary fields. We start by considering the 2-point correlator

(00)pa(o)) = lim, - [ gl )0, x2) xS, o)

where ¢, and @, are quasi-primary fields, @ stands for the set of all the fields in the theory, Z rep-
resents the denominator of the expression in Eq. (2.2) but for the case of fields, and the action S[g]
is assumed to be invariant under conformal transformations. We would also assume conformal in-

variance of the integration measure. Then, under a conformal transformation, the correlator must
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transform as

Al/d ax/ Az/d

O <¢1(xi)¢2(x/2)> )

X=x2

1/
<¢1(x1)¢2(x2)> = ‘gx

X=x]

and specializing to a dilation, x — x’ = Ax, we see that

(@, (31)@,(x2)) = 2%12% (@, (Ax1) @, (2x%2) )

since the Jacobian for the dilation in a 4 dimensional spacetime is 1%. Rotational and translational

symmetries require that

(p1(0) @y (%2)) = fllst — x2])

with Ax) = 2%T42Ax) to incorporate the symmetry under dilations. This thing prompts us to

write

C
A+Ay°

<¢1(x1)¢2(x2>> =

g

where Cj; is a constant. Symmetry under SCTs still remains to be used. We note that for an SCT,

(973/
Ox

1
(1= 2b,x + b?x2)?

and the distance }x,- - le transforms as

| — %]

(1— 26,5 + B2a2)/2(1 — zlaj,xf T bzxj;)l/z'

YA
X; x]_

Then, keeping the expression obtained for <ng (x1)p, (x2)> above in sight, we conclude that under

an SCT,

C2 Ci2 (7’17’2)A1+A2

AtA,  ALA
TR i — x

’xl o xz‘ A1+4,
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with

y =1 20, + 02,

a constraint which is identically satisfied only if A} = A,. In other words, only if two quasi-primary

have the same conformal dimension are they correlated, that is,

Cra/f|x1 — X2|2A1, Ay = Ay,
(p1(v)@,(x2)) = (3.12)
0, AL # A

We could perform a similar analysis for a 3-point correlator as well, but we quote the result we get
without giving the details:
Cr23

(1)@, (%2) p3(x3)) = A2 —As ArtAs—Ar AstA—Ay°
12 X33 13

where Ciz3 is a constant. The important thing to note here is that we can easily work out the struc-
ture of different correlators using arguments based on conformal symmetries solely, or without

referring to any Lagrangians and actions, a testimony to the ease that CFTs could afford.

3.4 CONFORMAL FIELD THEORY IN ¢ = 2 DIMENSIONS

The formulation of CFTs in 2 dimensions has developed to a particularly mature state over the last
30 years, impacting both physics and mathematics along the way. Therefore, they could be consid-
ered prototypical examples of a valuable interplay between the two disciplines.

Even though 2-dimensional CFTs are examples of quantum field theories, they are different from
the ordinary QFTs in 4 dimensions, for they could be defined and solved in an abstract way via op-
erator algebras and their representation theory. What makes this thing possible is that the algebra

of infinitesimal conformal transformations in 2 dimensions is infinite-dimensional and thus highly
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constraining. We begin our study of 2-dimensional CFTs by going back to Eq. (3.2) and seeing that

when d = 2, itimplies the following.

8050 = 8151;

8051 = —6150. (3-13)

As might be evident, we are working with the Euclidean metric in flat space here, but we would
soon address the case of the Minkowski metric as well. What is important to note though is the fact
that Eq. (3.13) has the well-known Cauchy-Riemann equations, which prompt us to view £y and

£1 as the real and imaginary parts, respectively, of a holomorphic function defined on some open set

and introduce complex variables via the following relations:

z:xo—l—le; =2 —ud
gzzo—l—zgl; g=2¢" —
1 1
0; = 5 (0o —101); 0z = (0o + 1) (3.14)

An important question that pops up regards the status of z and z: whether they should be treated
as being independent. The proper approach to doing the coordinate transformation above is to first
extend the range of the coordinates x” and x to incorporate the whole complex plane. The coordi-
nate transformation given then is simply a change of variables, and z is not the complex conjugate
of z; instead, it is an independent coordinate. What must be remembered at the end of the day,
however, is that physical space is the 2-dimensional subset of this extension, and it is defined by the
identification of z with z*.

Since £(z) is holomorphic, A(z) = z + £(z) too is holomorphic, and we could view f{z) as effect-

ing the infinitesimal conformal transformationz — f{z); similarly, since £(z) is antiholomorphic,
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Alz) = Z + (%) too is antiholomorphic, and we could view A(Z) as effecting the infinitesimal confor-

mal transformationz — f{z). As a result of these transformations, the metric transforms as

ds* = (dx")* + (dx'")? = dedz — gjngj:dz 2
which allows us to see (9f/dz)(9f/9%) = |0f/dz|* as the scaling factor in Eq. (3.1) and tells us that
the transformation z — fz), 2 — AZ) is indeed conformal. We have done our analysis for 2-
dimensional Euclidean space only, but even if we had worked with 2-dimensional Minkowski space,
our results would have been the same. In the latter case, the so-called light cone coordinates are used:

u = —t+xand v = ¢+, where ¢ denotes time and x denotes space. In these coordinates, the metric

is ds* (= —df* + dx*) = dudv, and it transforms as
ds* = dudv — afggdudv

under the infinitesimal conformal transformationz — f#),v — g¢(v); thatis, it transforms
in the same way as the metric expressed in terms of dz and dz transforms under an infinitesimal
conformal transformation. The algebra of infinitesimal conformal transformations is thus again
infinite-dimensional.

We now know that for an infinitesimal conformal transformation in two dimensions, £(z) has
to be holomorphic on some open set. We could, however, assume that in general, it is a meromor-
phic function that has some isolated singularities outside this open set. Same could be expected of

£(z), and then, an infinitesimal conformal transformation in two dimensions could be written via
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Laurent expansions around z = 0 and Z = 0 in the following manner.

?=z+eR) =2+ ) (-7
n€l

The generators corresponding to the transformation for a particular 7 are
_ n+1
L, =—2"""0,

and

— gl
= —2""0,

andsince z € Z, the total number of independent infinitesimal conformal transformations is
infinite. We have thus verified a fact that we set forth right at the outset, namely that the algebra of
infinitesimal conformal transformations in 2 dimensions is infinite-dimensional. This fact is specific
to CFTs in 2 dimensions and, as we would see, has significant consequences.

To determine the algebra just mentioned, we would work out the commutation relations involv-

ing the generators /, and 1.

[y n) = Z"M0,(2"110,) — 2110,z 9,)

= (n + 1279, — (m + 1)z,

—(m — n)z" MY,

= (m — n)lyin;

[ muzn] = (m - n)lm-‘rn;

(L, 1,] = 0. (3.15)
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The respective sets of the generators /, and /, together define what is known as the Witt algebra, the
conformal algebra of the generators that bring about infinitesimal conformal transformations in 2

dimensions. The most important observation here remains that this algebra is infinite-dimensional.

3.4.1 'THE CONFORMAL GROUP—d = 2

Focusing on the part of the Witt algebra that is formed by the /,, we see that these generators are not
defined everywhere on C; 2 = 0, for instance, is a point of ambiguity for /_,. Also, to determine
the conformal group, it turns out to be necessary to work not on C but on C U {o0}. 2 = 00 then
becomes another point of ambiguity.

For z = 0, we casily observe that the /, = —2"119, are nonsingularatz = O onlyif » > —1. In
order to investigate ¢ = 00, however, we first need to do a change of variable via z = —1/w, which

gives

and then let w approach 0. Upon doing so, we discover that the /, = —(—1/w)"~19,, are nonsin-
gularatw = 0(orz = oo)onlyifz < 1. Putting these results together, we could conclude that
globally defined conformal transformations, or those comprising the conformal group, are gener-
ated by /_1, [y, and /;. This conclusion is what allows us to determine the conformal group when
d=2.

[_1, right from the definition /_; = —0,, could be seen as being the generator of translations:
z — g+ b. Astoly, it equals —z0, and generates transformations of the kindz — 4z, where
a € C. These transformations could easily be identified as being rotations and dilations. Finally,
11, which is —220,, generates SCTs, which could be, as explained before (see Fig. 3.1), viewed as
translations of w = —1/z. In fact, chjz = —cz” could be obtained fromz — 2/(cz + 1) (which

is equivalent to w — w — ¢) by expansion for small ¢. Collecting all the observations, we could say
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that /_1, [y, and /; generate transformations of the form

az+b

_ .16
- z+d’ (3.16)

where a, b, ¢,d € C. This form represents the famous Mobius transformations, and for them to be
invertible, ad — bc # 0. With this final constraint imposed, we may conclude that the conformal
group for C U {oo} is isomorphic to the Mobius group.

Before ending this section, however, we present a little appendage, which is related to the Witt
algebra and would prove useful later. The Witt algebra admits something known as a central exten-
sion, which could be described as being an extension of its commutation relations. In general, the
central extension d = O @ C of the Lie algebra 0 by C is characterized by the following commuta-

tion relations:

[5675}]5 = [%)’]5 + cp(x,y),
[567 C]f} =0,

and

[C, c’]5 =0,

where %, 7 € 0,x,y € 9,and¢,d € C. Also,p : 3 x d — C here s bilinear. In our applying this
extension to the Witt algebra, we would denote the /, in the extended algebra by the L, and write

their commutation relations as

(L, Ly] = (m — n)Lyyyy + cp(m, n). (3.17)

It goes without saying that the same could be done for the /, too. In order to determine the precise

form of p(m, n), we begin by noticing that p(m, n) = —p(n, m) must be true to respect the anti-
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symmetry of the Lie bracket. Also, it is always possible to make p(1, —1) and p(, 0) vanish by the

redefinitions
(1, —1
%=u+ﬂ—J
2
and
=L + ¢p(n,0)
n )

where the second one holds for » # 0. In fact, working some commutators out using the new

operators shows that p(1, —1) and p(#, 0) indeed vanish:

(L3, L] = 2Lo + ¢p(1, —1) = 2L,

and

(L, Ly] = nL, 4 ¢p(n,0) = L),

Then, we simplify a particular Jacobi identity:

0= [[Lmv['n] 7L0] + [[LmLO] 7Lm] + HLO;LWJ 7Ln]
= (m — n)ep(m + n,0) + nep(n, m) — mep(m, n),

= (m + n)p(m,n),

which tells us that p(m, n) = 0ifn # —m. Hence, the only nonvanishing central extensions

are given by p(n, —n) for || > 2. Finally, we evaluate another Jacobi identity, which leads us to a
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recursion relation for p(n, —n):

0= [[L*nJrlen] 7L*1} + [[L?HL*I] vanJrl] + [[LflaLfnJrl] ,L”]

1
:ijp(n—l,—n—i—l)
1 [(~+1
2\ 3

1
= E(n + )n(n —1),

where we introduced the normalization p(2, —2) = 1/2 in the penultimate step. Having found
the explicit form for p(m, n), we could summarize whatever we have said about the central extension
by saying that the central extension of the Witt algebra is called the Virasoro algebra and could be

written as

¢
(Lo, Ly) = (m — n)Lyin + E(mz’ — )0 mtn,0- (3.18)

¢ here is what is known as the central charge.

3.4.2 PRIMARY FIELDS

This section is meant to introduce some important concepts as regards 2-dimensional CFTs. First,
we recall that in our scheme of things, z and z are independent variables, something which our hav-
ing two commuting sets of operators in the Witt algebra (namely, the /, and the /,) also attests to.

What this thing implies for our fields is that

0

o(x 2 — ?(2,%).
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However, as we said earlier, for physical space, we would have to identify z with z*. Fields depending
only on z are called chiral, and those depending only on z are called antichiral. Terms holomorphic
and antiholomorphic are also respectively used to differentiate them from each other.

Extremely important here is to introduce the notions of conformal dimensions and primary
fields too. A field transforming as

o) 60 = (1) (L) er0.70) (19)

under the conformal transformation z — flz),z — fZ) is referred to as a primary field with con-
formal dimensions (b, bh). If Eq. (3.19) holds for the Mobius transformations only, then ¢ is referred
to as a quasi-primary field. It is also important to note that not all fields in 2-dimensional CFTs
are primary or quasi-primary; those that are not are known as secondary fields. We do an important
calculation for primary fields here, for it would help us establish some important ideas in the next
section as well.

If we perform the conformal transformation z — Az) = z + £(2),z2 — AZ) = z + £(2) (with
|l(z)], [£(z)| < 1), then up to first order in £(z) and £(z), we have

(Z)h =1+ hde(z) + O(?),

(gfgh — 14 50EE) + OF),

and

o(z +£(2),2 +2(2)) = o(2,2) + £(2)0,0(2,2) + 2(2)0:0(2,2) + O(*, ).
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Using these results in Eq. (3.19) and sticking to first order, we find that
2(2,2) — 0(2,2) + (hDye + €0, + bz + 20:) p(2, 7). (3.20)

This result would later be used to bring up the important notion of operator product expansion.
For now, it is instructive to investigate another result—which we state without proof—and its im-
portant consequences: the energy-momentum tensor 7, of a 2-dimensional CFT is traceless, that
is,

T =0 (3.21)

for 2-dimensional CFTs. We begin exploring the implications of this thing by using Eq. (3.14) to go

from the real to the complex coordinates, thereby obtaining

1
Ty = Z(Too — 2Ty — Tn),

1
Te = Z(Too + 2:Tyo — Th),
and
1 1
Ty =1T5= Z(TOO +Tn) = Zﬁ =0

Using the tracelessness condition in the first two relations as well, we find that 7o, = (1/2)(T0 —

tTyo) and Tz = (1/2)(Too + ¢T10). Using these relations with the fact that 0“7}, = 0 then gives

1
&szz = 2(80 + 181)(T00 - lTlo)
1
= Z(ao Too + O Tho + 1O Too — 190 Tho)
1
= Z(aoToo + 01 Tio — 1O Ty — 10 Tor)

=0
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and

1
0, T = Z(ao —101)(Too + ¢t T1o)

1
= Z(ao Too + 01 Tio — 101 Too + 9o Tho)

1
= Z(ao Too + 01 Tho + O Thy + 100 Ty )

=0.

Clearly, we have established that 9;T,, = 0 and 0,73 = 0, meaning that the only nonzero compo-
nents of the energy-momentum tensor are a chiral field and an antichiral field: T,,(z,z) = 7(z) and

Ts = 1(z), respectively.

3.4.3 RaADIAL QUANTIZATION AND OPE

We have been doing 2-dimensional CFTs with the Euclidean metric, using 2° to denote time and !
to denote space. What is often done in such theories is that space is compactified on a circle of radius
R, which is mostly set equal to 1. In other words, x* is identified with x' + 27R = »' + 27. The
CFT obtained as a result then is defined on a cylinder of infinite length, and we could define a single

coordinate, w, to describe points on it.
_ 0 1.
w=x +w;w~w+2m.

The identification w ~ w + 27 follows from the compactification done above. Having defined the

theory in this manner, we move from our cylinder to the complex plane through the mapping

0
z=¢"=¢" 'Hxl, (3.22)
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which allows us to use the complex coordinate z in lieu of w (see Fig. 3.2). A time translation on the

cylinder, 2% — x° + 4, gets mapped to a dilation of the kind 2 — exp(«)z, and a space translation

on the cylinder, = A+, gets mapped to a rotation of the kind 2 — exp(:b)z.

TN “
K
< o

20| \Kﬂ
N 1
L
S <

Figure 3.2: Mapping the infinite cylinder to the complex plane. x° becomes yoked to dilations, and K gets tethered to
rotations.

If we now consider a primary field (2, z) with conformal dimensions (5, ») that we can perform

a Laurent expansion for about zg = 2o = 0, then the expansion turns out to be

pz,2) = > z*”*hi%*];%,,—n, (3.23)

n,meL

where the factors of 4 and b could be explained by Eq. (3.19) and the mapping given in Eq. (3.22).
The so-called radial guantization of the field is achieved by promoting the Laurent modes ¢,
to operators. One could then notice that the mapping in Eq. (3.22) maps the infinite past on the

cylinder, 1Y = —00, to z = z = 0, a fact which allows us to define an asymptotic in-state as

?) = lim $(22)[0).
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but in order for this state to be a “well-behaved” one, all singularitiesatz = z = 0 should be
avoided. Therefore, we require that @, [0) = 0forn > —hborm > —h. This requirement, with

the mode expansion in Eq. (3.23), gives

lp) =¢_)_510). (3.24)
Having defined this in-state, we could define an asymptotic out-state as well. To do so, however, we
need to establish for ¢(z, z) the notion of Hermitian conjugation first. It must be remembered
that the Euclidean coordinates are obtained from the Minkowski ones through the introduction of

0

complex time, t — 1t, so the action of Hermitian conjugation on the Euclidean time x” is nontrivial,

forx” — —x°. Forz = exp(x* + w') then, Hermitian conjugation amountstoz — 1/2z. We

thus define the Hermitian conjugate of ¢(z, z) as
7 11
St oy 2 —2hs (L1

and a Laurent expansion for it gives

Comparing this expansion with the Hermitian conjugate of the one in Eq. (3.23), we obtain

CRIET I (3:25)

Finally, we could define an asymptotic out-state as

(pl = lim (0] ¢'(z,2),

2,2 —0
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but if want to avoid all singularities at z = Z = 0, we need to require that (0| ¢ _ = Oforn < b
or m < h. This requirement then, with the mode expansion for the Hermitian conjugate of (z, z),
gives

(el = {0l 2, - (3.26)

Now, as we discussed in the context of Noether’s theorem in section 1.1, field theories with con-
tinuous symmetries happen to have conserved charges. For a field theory in Euclidean coordinates,

2Y and &, the conserved charge may be written as

Q:/dxl_]b’

where fj is what we earlier referred to as a current. It is well-known that a conserved charge serves as
the generator of transformations for various quantities, and for some random quantity 4, this fact

may roughly be written as

i~ [0.4]

with the commutation relation evaluated at equal times. We must also note here that the integral for
conserved charge above too was evaluated at some particular time, something implying that x° was

a constant for that integral. Seen in the light of the coordinate change given in Eq. (3.22), this thing
translates to the facts that |z is a constant for that integral and that it should become a contour
integral after the coordinate change. Following the convention that contour integrals are always
worked out in a counterclockwise manner, we could say that the most natural generalization of the

conserved charge integral for complex coordinates is

V1

Q= 5 ) (@Te(e) + T(E)E) (327)
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where we have used Tye” in place of the current that one gets under conformal symmetries. As
might easily be noted, we have started considering z and Z(z) as well, but it must be remembered
that doing so is necessary for full generality, something requiring us to assume that 2° and &' are not
always real; for physical space, however, as said before, we would have to restrict 1Y and & to real
values only.

In view of the commutation relation we wrote, we could now use Eq. (3.27) to write the infinites-

imal change generated in the field ¢ by the conserved charge Q:

8.0 (10, ) — i fc dz | (0)e(e). p(w. @) + i fc &z [ 1) plw. )] . (329)

This very relation is what brings us to the notion of radzal ordering, for we do encounter an order-
ing ambiguity in the equation above: we have to decide whether w and w are inside the contour C
since |w| and |@| give a measure of time and 04 = [Q, ;4} is evaluated at equal times. As might

be remembered from chapter 2, the ordering of operators in correlators is set by the time ordering
operator. The order of operators in Eq. (3.28) would be set in precisely the same way, but since the
change to complex coordinates linked time translations to dilations, time ordering would be imple-
mented through what was just called radial ordering. We define the radial ordering of two operators,

A(z) and B(w), in the following way:

. A(z)B(w), 2| > [w],
R ( (z)B(w)) - (3.29)
B(w)A(z), |w]| > [2|.

With this definition, we know that the correct way to interpret the commutators in Eq. (3.28) is
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given by

which allows us to rewrite Eq. (3.28) as

.o, @) = i 3 )dzg(z)R (?*(z)gp(w, w)) + Antichiral,

However, we did calculate the infinitesimal change in the field ¢ in Eq. (3.20), and to get that very

expression from the contour integrals we have now, we realize that we must have

R(Xz)@(w,a’u)):( b ¢(w,w)+z_%aw¢(w,w)+...

z—w)?

and

R(T@)p(w, @) = ; _bw)zgp(w, 7) + ——Oep(w,@) + ..,

where . . . represent nonsingular terms. Just eyeballing the insertion of these “expansions” into the
expression we found for the infinitesimal change shows that they are correct, and we go on to call
them operator product expansions, or OPEs for short, which define an algebraic product structure
on quantum fields. Since the OPEs above specifically correspond to the infinitesimal change in a
primary field with conformal dimensions (5, /), we could use them to actually redefine such a field,
the new definition being the following: a primary field with conformal dimensions (b, /) is one that
has the OPEs given above with the energy-momentum tensor.

We could also go about calculating the OPE of the chiral part of the energy-momentum tensor

with itself:

R (16)70) = - P2 o+ (jf%z ¢ 2l
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where ¢ is what we referred to as the central charge while discussing the Virasoro algebra in sec-
tion 3.4.1. This OPE could be shown to be the correct one via some calculations, which begin by

Laurent expanding the chiral part of the energy-momentum tensor in the following way.

~ A oA 1 A
I(z) = szn*zln; L, = Cy jl{dzz”Jrl 11(z).

neZ
If we use this expansion in Eq. (3.27) with the particular conformal transformation ¢(z) = —e¢,2" !,
we get
dz - 1 dz - _ .
Qn = f 2 T(Z)( 5nzn+ = —¢& fszmz = —¢,L,,
meL

which clearly shows that the Laurent modes L, of T(z) could be identified with the generators of
infinitesimal conformal transformations. They should, as a result, satisfy the Virasoro algebra we
introduced in section 3.4.1. Using the expression for them in terms of the chiral part of the energy-

momentum tensor (see above), we could go about evaluating [Lm, Ln} :

XA d d A A
Lo = § St SLerir (T0)70)
c(0) 271 C(w) 27t
2 271 T
—f o dm+< /2 20w) O <w>)
(o) 2m Clw) 27 (z —w) (z —w) z2—w

— fc( | aw [C(m + Dmlm — D +2(m 4+ D" T(w) + wmﬂaw?“(w)]

0 271

= (m — n)zm+n + é (WL3 - m) b\m’,”,

where we employed integration by parts to deal with the last term in the penultimate line. Since the
L, clearly satisfy the Virasoro algebra, the OPE of 7(z) with itself that we gave above is right. The
calculation essentially shows that the singular part of this OPE is equivalent to the Virasoro algebra

formed by the Z,,.

75



Before closing this section off, we offer one more particularly important result, namely that
{j;m, @n} = [(bh — 1)m — n]p,, ., . This result could easily be worked out by going along the

lines of the calculation above:

. dw dz -

L, o |= w”'H’_lj{ — "R 2)o(w

[ ¢”] fé(o) 271 C(w) 271 ( ( )¢( )>
f e En( D L,
N %C(o) 2w Cw) 2m (z — w)? plw) + z— w8w¢(w)

= ?é d—ww’ﬂrh_1 [b(m + 1) w”o(w) + wm+18w¢(w)]
o

0) 271

=[(b=U)m—nlp, .,

3.4.4 NORMAL ORDERING

The idea of normal ordering was first introduced in the context of Wick’s theorem in section 2.4
and was described as an operation that brings all the creation operators to the left of all the an-
nihilation operators. In this section, we revisit this operation but discuss it in the context of 2-
dimensional CFTs.

Before we bring up the operation itself, however, we need to establish what the creation and the
annihilation operators are for the case at hand. Recalling the discussion of the asymptotic in- and

out-states in section 3.4.3, we note that

forn > —handm > —h. This thing clearly tells us thatall o ~ withn > —horm > —h
could be interpreted as annihilation operators. The rest would be the creation ones, and they could
be required to create states with positive energy only. In summary, we could say that for a chiral

primary field, @, with the conformal dimension b, @, with z > — are the annihilation operators,
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and ¢n with z < —J are the creation operators.

To proceed to the discussion of normal ordering now, we state a result without proof that we go
on to simply verify: the nonsingular part of an OPE naturally gives rise to normal ordered products,
a fact which could be expressed in the following manner:

(2 —w)"

n!

R(p(2)7(w)) = Singular + ) | NGO p)(w). (3.30)

n=0

We verify this result in what follows for the case # = 0. In this case, we could easily use Eq. (3.30)

and properties of contour integration to obtain the normal ordered product of two operators:

N = 22 RO

(w) 27— w
However, we could also have simply Laurent expanded N () as usual, that is,

NGl = § 52N (9 )

C(O) 27t

where % and MY are the respective conformal dimensions of @ and }. Inserting in this result the

expression we found for N (79) (w) gives

N@o)n :7{ dwwn—i-h“’—i-lﬂ—l% dz R(p(2)x(w))
(o) C(w)

27t 27t Z—w

_ LIear s p)y(w) Aw)p(2)
75’(0) 2 (ffz|>w| gow 7|{~<w| iow )

Now, we separately evaluate the first integral in the parentheses, using in place of ¢(z) and y(w)
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their respective Laurent expansions.

dz 1 b e -
— z w
j€k4w2ﬁlz__u)2;: @Mﬁ

5

— dz 1 —r=h? I 5
o j{b%WZWZZEE: ( ) ZE:Z ¢”Z
:7€|>|w D D) DL AR A L X S

p=>0 75

where we used 1/(z — w) = (1/2)(1/(1 — w/z)) and the geometric series in the second line. Then,
knowing that only the 2! term contributes in the contour integration, we see that the integral over
z sets 7 equal to —H? — p. When combined with the contour integral over w, this result produces the

expression

ZZ st 1 .
2m —hP—pts

p>0 s

- Z Pt —ppp bt

20
> Pdus
k<—b?
As to the integral over w, we again know that only the w™! term contributes. Therefore, to get rid
of this integral, we set s equal to p 4+ 7 + b in the second line. Introduction of the variable £ then
produces the third line. The second term in parentheses in the final expression on the previous page
could be subjected to a similar analysis and turned into ) 0 7, . ®,. A complete, simplified

expression for N (}@), could thus be written as

Dottt D Pitan (3.31)

k>—h? k<—h?

As might be evident, the @, in the first sum are annihilation operators and are on the right whereas
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the ¢ , in the second sum are creation operators and are on the left. Clearly then, the nonsingular

part of an OPE contains normal ordered products.

3.4.5 FREE BOSONIC FIELD

Up till now, we have studied the generic structure of 2-dimensional CFTs and discussed some im-
portant aspects of them (algebras, primary fields, OPEs, and so on) without bringing in any La-
grangians and actions. The tools we have developed so far are particularly powerful for studying
CFTs, and as we have mentioned every now and again, they are in some cases sufficient for a com-
plete description of the dynamics. However, to make some contact with the usual approach to do-
ing quantum field theories, we would, in this section and the next, consider examples of CFTs given
in terms of Lagrangians and actions and discuss some of their properties and aspects in terms of the
CFT jargon introduced in this chapter.

The example to be discussed in this section is that of a free massless scalar field, which happens
to be a free bosonic field, defined on the infinite cylinder of section 3.4.4. The action for this field

could be written in the following manner:

_ L 0.1 v
S= = /a’x dx' /b 0,X0,X

_ 1 0.1 2 2
= 47”6/:1’90 dx [(Gon) + (04X) ] , (3.32)
where h = det b, with
1 0
Puv =
0 1

and « is some normalization constant. The similarity between this action and the Klein-Gordon
field’s (Eq. (1.10)) is quite striking; the only differences are that the scalar field here is defined on an

infinite cylinder and that there is no mass term. The absence of a mass term indicates that nothing
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in the theory sets a scale, and hence, the theory is conformally invariant.
Before beginning our detailed study of this action, we follow the procedure of the previous sec-
tion and map our cylinder to the complex plane via the mapping given in Eq. (3.22). The change of

coordinates that doing so effects allows us to rewrite the action as

1
- = ol 8
S " /dzdz s 0, XO0pX

1
= — [ dzdz0,X0:X, (3.33)
K
where ¢ = det g, with
0 1/22z
Sur =
1/2zz 0

Then, varying this action with respect to the field X yields

0=20S

_ % / dzd5(3(D,X) DX + 0,X5(0:2))
K

_ zi dzd7(D.(3XOX) — OXD,0.X + Ds(D,X3X) — 90, X5X)
K

L / dzdz3X(D,0:X),
27K

which, required to hold for all o, gives the following equation of motion:

0,0:X = 0. (3.34)

From this equation of motion, we can infer that

J(z) =10, X
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is a chiral field and that
J(z) = 10:X

is an antichiral field. /(z) and /(2) are quantities of particularly great significance, and their impor-
tance would become manifest as we discuss the Wess-Zumino-Witten (WZW) models in the next
chapter, but for now, we say simply that their respective conformal dimensions could be worked out
from the action if we assume that the field X is a primary field with vanishing conformal dimensions,

something which, in light of Eq. (3.19), could mathematically be written as
X (w, w) = X(2,2).
We do the following calculation:

S = L /dwdw@wX'(w, ) 0zX (w, w)
27k

1 [dw dw _dz _\ 4z -
= % EdZEdZ%aZX(Zv )%&ZX(Z’ Z)

1 - _ _
=5 / dzdz0,X(z,2)0:X(z, 2).

Not only does this calculation show that the action is invariant if X has vanishing conformal di-
mensions, but it also quite manifestly establishes that /(z) and J(z) (which respectively appear as
0,X(z,z) and 0;X(z, z) in the action here) have conformal dimensions given by (1, 0) and (0, 1),
respectively.

Another important calculation could be done with the action, namely the calculation of the

energy-momentum tensor, 7. Two results would be used, which we state without proof:
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and
1
_ 1 4
M/ lgl = 2\/\g!gaﬁ5g‘” -

Varying the action using them, we find that 7o, = y0,X0,X, T}z = T3, = 0,and Tz = y0;X0;X.
It must, however, be remembered that for a quantum theory, the ground-state expectation value of
an energy-momentum tensor should be finite. Therefore, 7,5 is written as a normal ordered expres-

sion:

T(2) = yN (840.X) () = yN (G)(2). (335)
Of course, we have given the result for the chiral part only. Each of the ;’s represents the chiral field
J(z).
3.4.6 FREE FERMIONIC FIELD

The example to be discussed in this section is that of a free fermionic field in a 2-dimensional space,

which we take as being the Minkowski space. The action of this field could be written as

K

where » = det b, with

and « is a normalization constant. Similar to what we dealt with in section 1.3, ¥ is a spinor, but it is
a2 X 1column vector this time—rather than being 4 x 1. The »#, likewise, are matrices satisfying
the Clifford algebra, but they are 2 x 2 this time around—rather than being 4 x 4. Also, there are
only two of them now. If we see Eq. (3.36) closely, we notice that the action is almost the same as

the one we wrote for the Dirac field (Eq. (1.13)), which is also a free fermionic field. The only major
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difference is that we do not have any mass term now, an attestation to the fact that we are dealing
with a CFT.

Several representations of the » are possible, but we choose the following.

Its choice has to do with the fact that under this representation, the components, ¥ and ¥, of the
spinor ¥ are real. We then perform the Wick rotation x; — ux;, which effects the derivative trans-
formation 9; — —:0,. Essentially, this rotation is tantamount to making another choice for the

matrices »*, namely

0 1
0
7/ =
1 0
and _
0 —
1
7 = )
¢t 0

and we see that it also introduces an additional factor of ¢ in the action, which comes from dx'. We

begin simplifying the action then, observing that ¥ = ¥T5° and

70?’“8#
=" (/"0 +/'0)
80 + 181 0
0 00 — 181
g 0
=2
0 0,



In the last step, we have again employed the change of variables in Eq. (3.14). This change allows us
to write our spinor as

¥(z.%)

¥=2)

¥ —

i

where ¥(z, z) and y(z, z) are still real fields. Using all this discussion, we could finally simplify the

action as

1 % 0
S = 4/dzdz gl2¥T ¥

1 _
= /dzdz(z/a;;wr YO ¥). (3.37)

As to the metric, we used what we obtained from b[w after the coordinate change, namely

0 1/2
Eur =
1/2 0

Now, to do a CFT analysis, we could begin by varying the action with respect to ¥:

0=3y8

_ L / A3y + y0s(59))

4%

_ i / d2(3yd:y + 0:(yy) — (9:9)99)

_ L [p
= / A*2090y.

Since the variation in action has to be 0 for all 3y, we have

Oy = 0. (3.38)
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A similar variation of the action with respect to ;}gives

0.9 =0 (3-39)

What these equations indicate is that /(z) = y is a chiral field whereas /(z) = ¢ is an antichiral field.
Next, we use the action to show that if /(z) and /(2) are primary fields with conformal dimensions
(1/2,0) and (0,1/2), respectively, then the action is invariant under conformal transformations:

S= 2 [ duwdw (¢ (w, 9)00y (w,0) + ¥ (1, 2)0,7 (w0, )

47k

\ [de, dz, | (de\"* = dz. (d=\"*
. dwdw[(dw) ;k(z,z)%ag (dw) ¥(z,2)

dax ) dw dw
dz\"? o de (de\'?
(@) ez (5)

= L iz, 90, 7) + P2, 2)0.9(2, 7).

4%

Clearly then, the action is invariant under conformal transformations if ¢ and ;}are primary fields
whose conformal dimensions are (1/2, 0) and (0, 1/2), respectively.

As in the example of the free bosonic field, we say that another important calculation involving
the action is the calculation of the energy-momentum tensor, 7. For fermionic theories, the way
T, is defined differs from the way it is defined for bosonic theories, and we would have to introduce
more structure before we could write its explicit form in the context of fermions. Therefore, we take

a roundabout route and calculate it via an equivalent but different way:

oL
T, = 87ky (—g‘u,,/.,’ + Z aww&,@.) , (3.40)

where y is a normalization constant, g, is the metric we found for complex coordinates, and the @,
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stand for the fermionic fields. The energy-momentum tensor found via this equation is not sym-
metric in general, but it could be made symmetric with the equations of motion. For instance, we
find that T, = w0y, Tz = —y¥0.¥, Tz = —y¥0:¥;and Tz = yy0zy; whereas T, is not
symmetric so far, it could easily be made symmetric with the observation that yand ¢ are chiral and
antichiral fields, respectively, since this observation makes both 73 and 7%, equal to 0.

We thus have obtained all the nonvanishing components of the energy-momentum tensor for
our fermionic field. Using normal ordering as we did earlier and stating the result for the chiral part

only, we could write

T(z) = yN (y0:9) - (3.41)

86



“You enter a completely new world where things aren’t at

all what you're used to.”

Edward Witten

Wess-Zumino-Witten models*>3>4

Marking the ultimate culmination of this work, this final chapter uses whatever we have covered up
till now (about quantum fields in general and CFTs in particular) to first discuss the famous Wess-
Zumino-Witten models and then show that they comprise CFTs in 2 dimensions. In doing so, it
goes through the so-called Sugawara construction of the energy-momentum tensor.

The general scheme of things starts with a short discourse on nonlinear sigma models and iden-

tifies what prevents them from being CFTs. Then, Edward Witten’s contribution to the action of
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a nonlinear sigma model is addressed, and it is shown that the term he introduces does hint at the
fact that the model has turned into a CFT. The current algebra of the new model is then presented
as pointing toward an in-built Sugawara construction, and this observation is verified together with

the fact that the Wess-Zumino-Witten model is indeed a CFT.

4.1 NONLINEAR SIGMA MODELS

We begin our discussion with the nonlinear sigma model, whose action could be written as

1
So = e /dzdzTr(af‘glﬁﬂg). (4.1)

A here is a dimensionless coupling constant, and ¢ could be viewed as a map from the Riemann
sphere to the Lie algebra G, thatis, g : $* — G. The trace here represents an invariant product
for the relevant Lie algebra, and it is normalized such that Tr(7%7%) = (1/2)" b for any two gen-
erators of the Lie algebra, 7% and 7?. Tha this action does not give a CFT could be seen by some
comparisons with the examples of the free bosonic and fermionic fields that we covered in chapter 3.

Varying the action, for instance, we see the following:
0 = dS)
1 _ 1y - . _
— o [ dedET-g s 0 g (000
1 _ _ .
=z /dzdzTr(aﬂ(g L0)g 1 0%g)

1
= —222/dzd%Tr(g_ISgaﬂ(g_laf‘g)),

where we used the cyclic invariance of the trace in the second step and integration by parts in the

third. Since we want the variation of the action to be 0 for all dg, we could say that the equation of
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motion is

Oulg™ %) = 0. (+2)

What this equation says is that * = ¢~ '0¥g is conserved. If we try, however, to construct the chiral
and antichiral /’s as we did in sections 3.4.5 and 3.4.6, we see that we badly fail. If, for instance, J, =

g '0,gand J; = ¢'0zg, we find that

8z7§ + a‘z?z = 07

but it is particularly easy to check that neither of these terms is necessarily equal to 0 on its own. In

fact, their being equal to 0 simultaneously leads to an inconsistency in that 0, (g_lazg) = 0 requires

0:0:g = O:q¢ 'O,g.

Then, since the partial derivatives on the left-hand side could conveniently be interchanged, we may

write that

0:gg ' Oeg = g Oxg-

This statement is an equality of the form abc = cba, which is not expected to hold in general for
non-Abelian algebras. The correct choice for the /s is given by J, = 0,g¢ ' and J; = ¢ '0.¢, and if

04/, is equal to 0, 9,/;’s being equal to 0 is implied necessarily:

D:(g ' 0eg) = ¢ '0:(0egg Mg (43)

However, neither of these /s is either chiral or antichiral in the nonlinear sigma model, and this
thing hints at the fact that unlike the free bosonic and fermionic theories discussed in chapter 3, the

nonlinear sigma model is not a CFT.
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4.2 WEsS-ZUMINO-WITTEN MODELS

In order to turn the nonlinear sigma model into a CFT, Edward Witten suggested the addition of

the term

- PV
I = m/cpyzdﬁffr (g lagg laﬂgg 137g> (4.4)

to the action in Eq. (4.1). I is defined on a 3-dimensional region, and g represents the extension of ¢
from the Riemann sphere into this region. Since this extension is not unique, there is an ambiguity
in the definition of T. This ambiguity is quantifiable, but we would leave its discussion here, for it is
not germane to the task at hand; we just make the comment that the ambiguity is defined modulo
2.

The action we consider now is then S = Sy + &I, where Sy is given by Eq. (4.1) and £ is just some
coupling constant. Whereas S is a valid action classically for any value of k£, quantum theory restricts
the values that £ is allowed to take. Since the ambiguity in I'is defined modulo 27z, path integrals in

complex time,

/ [de] exp(—So) exp(—£T),

would be well-defined only if £ € Z. Even though I'is a 3-dimensional integral, variation in it due to

¢ — g+ dgisa2-dimensional one, for the variation could be written as a total derivative:

/d3yg,,,ﬁ787(. L) = /dzdz%(. ).
The final result of the variation is
ol = 81; / dxe, Te(g ™' 000" (¢ 0")), (4.5)
and the equation of motion obtained from the variation of the full action  (in complex coordi-
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nates) is

2R\ . 2R\
<1 + 472') 8z (g 6zg) + (1 - 4%) 62 (g azg) =0. (46)

Now, if 12 is set equal to 47/, the equation of motion becomes 0, (¢ '0;¢) = 0, which tells us
that J; = ¢'0;¢is antichiral. In view of Eq. (4.3), it also tells us that d,gg ™" is chiral. On the other
hand, if 2% is set equal to —47/k, then the equation of motion turns into d;(g'9,¢) = 0, meaning
that /J, = ¢~ '0,gis chiral and, in the light of Eq. (4.3), ; = O:g¢" " is antichiral. The former choice

for 2% defines the Wess-Zumino-Witten (WZ W) model, whose complete action could be written as

_ k —| u —1
S= on /dzdzTr(a ¢ 0,g) + kI (4.7)

This choice, however, is irrelevant; what is important is fact that 9,/; and 03/, are now separately
0. This very thing hints at that the WZW model is a 2-dimensional CFT, and we go on verify this

hunch of ours in the subsequent sections.

4.3 CURRENT ALGEBRAS

This section is meant to introduce the notions of currents and current algebras in 2-dimensional
CFTs. Beginning by expounding what we mean by currents, we proceed to presenting a couple of
ways to reach the kind of algebra they form. All these concepts would prove particularly useful in
the subsequent section, for they would help us establish that a WZW model is a 2-dimensional CFT.
A chiral primary field, /(z), with a conformal dimension of 1 is referred to as a current, and a
similar definition holds for an antichiral field as well. If a theory has N such fields, we could, as per

our discussion in the previous chapter, Laurent expand each of them like

J@) =",

n€”Z
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and determine the algebra that the Laurent modes f;, would satisfy. Doing so requires us to resort to
the general expression for the commutation relation of two chiral primary fields and use a conformal
dimension of 1 for each. Some simplifications too are required, but we leave all these things for now

in the interest of covering what is essential and simply quote the result:

L/fn,]i] = 1Zﬂifm+n + /em?"bé\ern,o. (4.8)

The algebra thus obtained is a generalization of a Lie algebra and happens to be infinite-dimensional
(just like the Witt and the Virasoro algebras). Known as the so-called Kac-Moody algebra, this al-
gebra could also be arrived at via an approach that uses OPEs. As shown in section 3.4.1, OPEs are
closely related to commutation relations and, hence, to algebras. We could go about determining
the OPE of some current in a 2-dimensional CFT with another current in the theory through argu-
ments about the OPE’s possible structure.

Starting with the holomorphic current /(z) ~ 0,g¢~" in a WZW model, for instance, we could
use dimensional analysis to see that it has conformal dimension 1. Thus, when writing the OPE in
the form

Xy (w
Fe ~ 3 —
we realize that the holomorphic field X, (w) should have conformal dimension 2 — p. Unitarity
also puts constraints on the possible form of the OPE; for example, it stipulates that there be no
operators with negative conformal dimensions. The highest allowed pole order for our OPE thus
is 2. A field with conformal dimension 0 being proportional to identity and a field with conformal

dimension 1 being a current itself, we could finally go on to say that our OPE has the form

R (j“(z)/h(w)) - K n lf”]i/[(w)’

z—w)? z—w
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where % and f’[: are some constants and we have dropped the nonsingular terms for now. Sym-
metry under the exchange of the currents and the associativity of the OPEs tell us that k., = xy,
and that the /% are the structure constants of a Lie algebra. We could choose a basis for the relevant
Lie algebra such that Kl = ky? b, and we identify this £ with the level of a WZW model. A refined

expression for the OPE at hand could hence be written as

b 13 b w
R(FE/ @) ~ 2+ T, (+9)

where we have dropped the nonsingular terms again. Since this current OPE is closely related to
the corresponding current algebra, it is sometimes referred to as the current algebra itself. In fact, it

could be used to work out the related current algebra. Laurent expanding the currents as

2= fz "

n€”Z

extracting the modes with contour integration as

_ 7{ e (2)

and putting their expressions into a commutator yield

Rkl =f smd st eR (@)
(2 20)

:7{ dw (km?”b mnl g zj”ff(z)wm”)
(0)

27n

= kmé\“b&n_m,o + {/ﬂfj(ern
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Clearly then, the currents of the WZW model too satisfy the Kac-Moody algebra, which we dis-
cussed above. The modes with 7 = 7 = 0 satisfy a Lie alegbra; the extra term kmd*3,,, .,  rep-
resents a central extension of kind that Witt algebra was shown to admit. The fact that the currents
of the WZW model could be seen as the so-called Kac-Moody currents would turn out to be of great

significance in the next section and would help us prove that this model is a CFT.

4.4 SUGAWARA CONSTRUCTION

In chapter 3, we saw that 2-dimensional CFTs are characterized by the Virasoro algebra, which was
the central extension of the Witt algebra and was generated by the energy-momentum tensor. If we
now consider some other algebras characteristic of a 2-dimensional CFT, then they would have to
be compatible with the Virasoro algebra. This fact implies the existence of an inherent definition

of the energy-momentum tensor. Looking at the current algebras, for instance, we should find that
this inherent definition is such that each current has conformal dimension 1 with respect to the
chiral part of the energy-momentum tensor. In fact, the energy-momentum tensor itself should
satisfy the Virasoro algebra, something which, in light of the discussion in section 3.4.2, implies that

R (10)700) = - P2 o éi(gz ¢ Bl

Put a little differently, if a theory is conformal, then its energy-momentum tensor should yield the
OPE above.
Guided by the example of the free bosonic field in section 3.4.5, we investigate the following

ansatz for the chiral part, 7(z), of the energy-momentum tensor of a CFT:

dim 0

T(2) =y Y N (F) (), (4.10)
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where O represents the relavant Lie algebra. If we now require that each of the /* be a primary field
of conformal dimension 1, we could use the normal ordering result in Eq. (3.31) to write our ansatz

in terms of the Laurent modes of the energy-momentum tensor:

dim 0
Ln=y >\ 2 ihwst D Tt
a=1 \I<-1 I>—1

Recalling another important result from the previous chapter, namely the one at the end of sec-

tion 3.4.3, we would do some calculations that would help us fix y.

L) =7 >\ S0 Whent] + 30 Vest]

I<—1 I>—1

= 2yl 7D e D (Woins H iialot)

be 1<-1

+ 7’2 o Z (ﬁnﬂ—ﬁ +jfn—l/§+n> ;

be [>—1

where we assumed that the current Laurent modes satisfy the Kac-Moody algebra. Now, since f* =

—f*, we could further simply the final expression we got in the following manner:

n—1
Lo Jal = _ZVnkj;anrn - 7/2 {fbi Z vam-i-n—l]
=0

be

n—1
= =2kl — 7> Y Y S

be =0 d
= —2pnkfin 72> L A
bed
We know that the structure constants satisfy >, fb“d‘b‘d = —2Cy55*, where Cy is the dual Coxeter
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number of the Lie algebra @, so

(Lo Ja) = =2yn (k+ Co) Tt

Finally, knowing that each of the /* has conformal dimension 1 and comparing the final result above

with the aforementioned result from section 3.4.3, we find that )/’1 = 2(k + Cy) and, hence, that

dim O

I(z) = Z N () ( (4.11)

/e+C

What we have now is the so-called Sugawara constructed energy-momentum tensor of a CFT in

2 dimensions, and its construction is what is known as the Sugawara construction. It is this very
construction that we would use to show that the a WZW model comprises a 2-dimensional CFT;
however, before going down that route, we state without proof that the central charge of a CFT
characterized by Kac-Moody currents with respect to the Sugawara constructed energy-momentum

tensor is
kdim O
k+ Cy’

c= (4.12)

a result which we would use to further corroborate our conclusion that the WZW model describes a
2-dimensional CFT.

We begin with an observation we made in the previous section, namely that the currents of a
WZW model satisfy the Kac-Moody algebra. Based on our discussion in this section then, we could
easily say that such models have an in-built Sugawara construction. We just need to show that such
is indeed the case. Beginning by identifying the energy-momentum tensor of the model, we see that
it gives

T(z) = YN (7F) (2),
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where normal ordering, as expressed in Eq. (3.30), could be thought of as the nonsingular part of
the OPE yielded by the /’s. This nonsingular part could quite conveniently be extracted via contour

integration in the following manner:

NFF) &) = - 74 ) W k() (2).

27t w—2

With this result, we could go and calculate the OPE of J*(z) with 7(w). We are interested only in

the singular part of this OPE, which we denote by a line like the one we used for Wick contractions:

— —
reme = §  Eor@(fere)

27 Joqw) *

dx R NN
7 ((ﬂzwx))ﬂw Al W““’)))

:Tm C(w)x—w

b lb X
_ 7 d [( G +J’”J‘()>ﬂw)

T 2m Cwy *—w |\ (z—x)? z—x

b PR (w
+ﬁ(x)< w7 LI ))]

(z —w) z2—w

Now, we need to calculate the remaining JJ OPEs. Simplifying the final expression we just obtained,

we observe that since the structure constants are totally antisymmetric and the Kronecker delta is

97



symmetric, the second order poles in the OPEs do not contribute, so

kU (w) RSP ()

(z—x)*  (z—w)?

b ! b w
+ (i{d( )+N<fﬁ><w>>

27t X—w

F()T(w) = J{() x

b fe P (w
+x‘f_”fw<ff;‘f;) +N(fﬁ)(w)>]
_ (2P w) U ()
—7 (w—2)? (w—2)% |’

where we obtained the last line by noticing that the normal ordered terms vanish after integration:
they cancel due to the antisymmetry in b and ¢. Finally, we recall the definition of the dual Coxeter

number—j’”’lzf"‘d = 2C5§“d—thereby obtaining

T()F (1) = F*(2) T(w)
= 2y(k+ Ca)(u{dfzi)z
= 2y(k + Cp) <(z]1u2)2 + 3;{(:}))) )

In order for /*(w) to have a conformal dimension of 1, we need to set y the way we did before:
y' = 2(k + Cy). Once y has been fixed this way, we get what should indeed be the OPE of a

primary field of conformal dimension 1 with the chiral part of the energy momentum tensor:

Flw) 0w

T(z)/“(w):(z_w)2 p— +...,

where . . . represent the nonsingular terms.
What now needs to be shown is that the OPE R(7(z) 7(w)) is such that it satisfies the Virasoro

algebra. This thing would establish that the WZW models indeed are CFTs. We are particularly
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interested in seeing what the central charge turns out to be as well, for its value would further cor-

roborate what we stated earlier: the WZW model has an in-built Sugawara construction.

M6 T(0) = s+ (T W () /() (T )
_ 1 7{ dx ( kdimd  2kdimD
4milk+Co) ) x—w\ (z—x)?*(x—w)? (z—x)(x—w)3
kdim O 2kdim O
(x—w)?(z—w)? (z—w)(x— w)3>

1 de  (NUY)(w) | N(OJT)(w)
+47z1(k+C5)]{x—w< (z —x)? - z—x

(z — w)? z—w

LN N(/Wﬂ)(w))
_ (3-2+0+0)kdimd  27(w) N 0w T(w)
2(k+ C5)(z — w)* (z—w)? z—w
B kdim O n 2T (w) n OwT(w)
2+ G)(z—w)t (z—w)? z—w’

which is definitely the OPE we were looking for. Not only does it show that the energy-momentum
tensor satisfies the Virasoro algebra, but it also demonstrates that the central charge is &dim 0/ (£ +

Cy), which indicates that the energy-momentum tensor in a WZW model is Sugawara constructed.
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Conclusion

Now that we have attained all the goals that set out in the work to accomplish, we would briefly
summarize them here one by one.

In chapter o, not only did we discuss what a quantum field means, but we also established our
motivations for considering such a contraption. Bringing locality in was definitely one, but we saw
that classical fields could already do so pretty well. Consequently, we resorted to describing quan-

tum fields as entities that span all of spacetime and equip us with the ability to create and destroy
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particles at any point therein. We also viewed quantum fields as explaining the indistinguishability
of particles in the universe. Of course, if a single entity is defined everywhere, it must be capable of
creating particles of the same constitution at all places.

Proceeding to make these ideas precise in chapter 1, we established a quantum field as the quan-
tized version of a classical field through two major schemes of quantization: canonical quantization
and path integral formalism. To demonstrate the former concretely, we showed its full application
to the Klein-Gordon (KG) and Dirac fields. Toward the end of the chapter then, when we intro-
duced the path integral formalism, it became easier to see the greater facility it affords in comparison
with the program of canonical quantization. For one thing, path integrals use classical quantities,
which are easier to deal with than operators, states, etc., to compute quantum amplitudes.

With the mathematics of quantum field theory in hand, we used chapter 2 to compute some
physically important quantities. We chose to calculate correlators, for they would later help us tran-
sition into the realm of conformal field theory, the quantum field theory that this work was sup-
posed to be particularly focused on. Calculating 2-point correlators for the KG and Dirac fields via
both canonical quantization and path integral formalism, we were again able to see the greater ease
that path integrals come with.

Then, in chapter 3, we started doing conformal field theory, discussing conformal symmteries in
the context of both classical and quantum field theories. Doing so allowed us to observe how easy
conformal symmetries render the calculation of quantities like correlators. Then, having investi-
gated the relatively simple cases of conformal field theoriesind = landd > 3 dimensions, we
began considering the exceedingly rich case of & = 2 dimensions and presenting a detailed discourse
on such important topics as primary fields and operator product expansions. Finally, as concrete
examples of conformal field theories in 2 dimensions, we presented the free, massless bosonic and
fermionic fields on an infinite cylinder. Not only did these examples help us see the use of the con-

formal field theory jargon we had been developing in the context of some applications, but they also
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allowed us to get well-versed with the way conformal field theory techniques had to be applied.
Finally, in chapter 4, we began using our conformal field theory knowledge to discuss the famous
Wess-Zumino-Witten (WZW) models. Considering the potential of a nonlinear sigma model to be
a conformal field theory, we identified a problem with it and saw how it was fixed by a contribution
of Edward Witten’s. The new model, which is known as the WZW model, did seem to be a confor-
mal field theory, but we still went on to verify this thing by checking the model’s compatibility with
the Virasoro algebra through the so-called Sugawara construction. Like our scrutiny of the cases of
free, massless bosonic and fermionic fields, this exercise demonstrated the application of some pretty
important conformal field theory techniques, such as the ways to look for compatibility between
various algebras, methods involved in dealing with importanr operator product expansions, and so

on.
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