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Abstract

We study functional partial differential equations (FPDESs) involving one
and two nonlocal terms for certain constant and variable coefficients. First, we
generalize the first order FPDE with one nonlocal term, studied by Perthame
and Rhyzik, to the two nonlocal term case. We show the large time convergence
of solutions to the separable solution.

We then solve a model that entails an initial boundary value problem in-
volving a second-order parabolic partial differential equation with two nonlocal
terms, the presence of which is a consequence of asymmetry in cell division.
The solution techniques for solving such problems are rare due to the nonlo-
cal terms. We obtain a separable solution, as well as the general solution to
the partial differential equation, and show that the solutions converge to the
separable solution for large time. The dispersion term does not affect the rate
of convergence to the separable solution.

We establish the existence of solutions to an initial boundary value prob-
lem that involves a certain class of nonhomogeneous FPDEs, with one and two
nonlocal terms, of the pantograph type with singular time dependent coeffi-
cients. The problem is motivated from a cell division equation.

We also consider FPDEs with one and two nonlocal terms involving time
dependent coefficients. The existence of a steady size distribution (SSD) so-
lution is established and is shown to be the large time attracting solution
for a certain class of time dependent coefficients. The rate of convergence

of solutions towards the SSD solution is affected by the choice of coefficients



and remains unaffected by the number of nonlocal terms. The uniqueness of

solutions to the initial boundary value problem is also established.
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Chapter 1

Introduction and Literature

review

The principle of causality is an underlying phenomenon in systems considered
in applied sciences. This phenomenon dictates that any future predictions
about the system under consideration be independent of the past and solely
dependent on the present [1]. An ordinary di erential equation (ODE) or a
partial di erential equation (PDE) governs the systems based on the current
state and the rate with which the state changes. Nonetheless, there are systems
that are not completely independent of the past and take into consideration
not just the present state of the system but previous states as well. These
equations are either di erential di erence equations or functional di erential
equations.

Even though this was known for quite some time, the theory to tackle such
systems has been developed rather recently. Laplace, Bernoulli, and Condorcet
were among the rst ones to encounter di erential di erence equations in the

later half of the eighteenth century but very little progress was accomplished



until the twentieth century. The subject progressed rapidly and has been
under continuous investigation after the mid of the twentieth century. Focus
has primarily been in the areas of control theory, mathematical applications
in economics and mathematical biology [38].

One of the modern time investigators is Minorsky [37], who was one of the

rst ones to study the di erential di erence equation (DDE)

dX _ . .
G = FEx@ix n); (1.1)

wherer > 0. The feedback control system he studied could not neglect the
communication time.
While studying the distribution of primes, Lord Cherwell [39] encountered

the di erential di erence equation

dx

5= Xt DA+ x): (1.2)

The theory of growth has used variants of the above equation as models in

di erent studies. Cunningham [40] studied the delay equation in growth

T ane N (19
where N (t) and N (t ) are populations at timest and t , and k; a and

are positive real constants. Studying the predator-prey model, Volterra [41]

studied the distributed delay equations

Z
delt(t) = 1 aNa(1) 0 Fi( INo(t+ )d - Nq(t)
dN,(t 2o o
dzt() = 2+ oNay(t) Fo( INa(t+ )d - No(t);

r
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where N1 (t) represents the number of prey andN,(t) shows the number of
predators. The constants; i; ,; ; and , are all positive, as well as the
functions, F; and F-.

For similar predator-prey models, Wangersky and Cunningham [42] used
the delay equations

A1 Na(t)

d (o) =
G = (Nu) =

BNy (t)y(t)
(1.5)

%Nz(t): N o(t) + pNy(t  1)No(t  1);

whereN(t) and N(t) are the prey and predator populations respectively.
is increasing rate of preyA; is the limitation on growth of prey, b denotes the
e ect of predation on Ny, pis the e ect of predation onN, and is the death
rate of N, andr > 0.

Levin and Nohel [44] studied, in detail, the delay equation

dx(t) _
dt

1@ wkywdy (1.6)

t
wherea;u > 0, k(y) is spring restoring force and 0 t < 1 . When study-
ing the circulating-fuel reactor, this model was studied by Ergen [43] where
denoted the rate of change of neutron density. In viscoelasticity of one dimen-
sion, the same model can be implemented where strain and relaxation function

are represented by and a respectively.

Brayton [45] studied lossless transmission lines and encountered a delay

di erential equation given as

% = G(v(t);v(t 1))+ F(v();v(t r)); (1.7)



where G and F are linear di erence-di erential and nonlinear operators re-
spectively, andv_represents the derivative with respect to timet. Rubanik
[46] studied a second order delay-di erential equation with delay term in the
second derivative in his study of elastic bars with vibrating masses attached
to them.

Several other models have been studied including Driver's [47] collision
problem in electrodynamics and El'sgol'tz and Hughes [49, 48] variational
(minimization) problem.

The several examples above show equations of di erent types. Some models
are based on the past states, whereas some are based on future states. There
are some examples of systems incorporating the rates of change of a past state.
Hale described in detail the signi cant di erences in the behavior of solutions
for each type [50]. Bellman and Cooke [51] classi ed the di erential di erence
equations as retarded (based on past state), neutral, and advanced (involve
a non-local term). In this thesis, we primarily deal with functional partial
di erential equations of the advanced type.

Earlier models, discussed above, invovled ordinary di erential equations
with functional (nonlocal) terms. Nonlocal terms arise in partial di erential
equations as well. Such PDEs are known as functional partial di erential equa-
tions (FPDE's). It is the representation of our understanding of the complex
processes that take place in our daily lives. A partial di erential equation
can express the ow of heat di erence over the length of a rod over time, the
motion of mechanical and EM waves, or the population size of a specie over
time. Population models were formally studied in the late 18th century when
Malthus analyzed the human population growth. However, the obvious short-

comings of the model that overlooked several relevant variables, such as age,



led to the use of structured population models. Age structured population
models have been studied by several mathematicians and detailed accounts
can be found in [68, 69, 67].

Functional PDEs arise in a number of applications such as the fragmenta-
tion process in polymers and droplets [2, 8], internet protocols [3] and more
recently cell division models [31]. Living cells are usually structured on size
because they grow and divide simultaneously. The size of a certain cell is
any quanti able physical property, for example, mass, volume or DNA con-
tent of the cell. Several researchers have studied a size structured model for
cell populations. In 1962, Collins and Richmond [52] studied the growth rate
of "Bacillus cereus and developed a method to nd the growth rate at any
given length of the bacterium. In the same year, Koch and Schaechter [53]
came up with a model for the statistics of the cell division process. Powell
[54], in 1964 then published the consequences of the hypothesis provided by
Koch and Schaechther. It was not until 1967, when Sinko and Streifer [16]
constructed a deterministic model, structured on size, for the species repro-
ducing by ssion. In the model, they accounted for the continuous changes in
mass and accounted for the in ux from the growth of smaller organisms and
the division of larger organisms and neonates.

During the 1980s, O.Diekman et al. [55] studied a related linear problem,
whereas Heijmans [56] developed a nonlinear model, structured on size, to
describe asymmetric cell division. Hall and Wake [10], then built on the works
of O. Diekman et al., Heijmans and others to study solutions to a symmetric,
size structured cell population model. A symmetric size structured model
studies the process where daughter cells of size* are obtained after a cell

of sizex divides. The resulting equation is an advanced rst order functional



PDE of the form
@ .. v ) — . . 20 o e
@{n(x,t))+ @)sg(x,t)n(x,t)) = bx;t)n(x;t)+ “b(x;t )n(x;t); (1.8)

with n(x;t) denoting the number of cells of siz& at time t and g(x;t) is the
growth rate of cell which is always positive. The rate of division of cells into
daughter cells isb(x;t) > 0. Hall and Wake [72] observed that the steady size
distributions (where the size distribution of cell population maintains its shape
irrespective of the overall population growth or decay [11]) is of interest to
biologists. The observation was motivated by the experimental data obtained
in [66]. The key observation in the data was that cell size distribution acquired
a certain shape irrespective of the initial distributionng(x) = n(x;0). A

separable solution of the form

n(x;t) = N(t)y(x) (1.9)

was assumed wherg(x) is a probability density function (pdf). Hall and Wake
[10] assumed growth and division rate to be dependent omn (the size) alone,
whereas in general these rates are dependent on battand t. The separable
solution substitution into the equation (1.8) yields
1 d
N©D s (t)= ; (1.10)

where is a separation constant and equation (1.10) becomes

N({t) = e'; (1.11)



where is a constant. Using the separation constant , we get the functional

di erential equation
%(Q(X)Y(X)) +(bO)+ Jy(x) = 2B(x )y(x); (1.12)
with boundary conditions
y(0)=0; lim y(x)=0: (1.13)

Integrating equation (1.12) from 0 tol and using the probability density
function (pdf) property of y(x) yields
Z 1
=( 1) . b(x)y(x)dx: (1.14)

In the above equation (1.14), it is assumed thab(x) 2 L[0;1 ). Hall and
Wake [10] studied the constant division and growth rate case for the equation

(1.8) whereb(x) = b >0 andg(x) = g > 0. For the constant case,
=0 1) (1.15)
and equation (1.12) reduces to the following pantograph-type equation

gy{x)+ by (x) = b 2y(x): (1.16)

There are several applications of the pantograph-type equation in physics and
engineering. It appears in the light absorption models in the Milky Way [57]
and current accumulation in an electric locomotive [58]. It also has applications

in probability and arises in a ruin problem [59]. The cell growth variation of

10



the pantograph equation is di erent from the aforementioned applications due
to the existence of an eigenvalue and boundary conditions in the problem.
As shown in [35] and [36], the higher eigenvalues of the pantograph equation,
that arise in cell growth modeling, do not correspond to eigenfunctions that
are pdf. Hall and Wake [10] showed that the equation (1.16) has a positive,
unique solution for positivex and can be represented as a Dirichlet series of

the form

1 . )4 ( 1)_Iie b l;+1 X
m=1 (1 ) k=1 (k 1)=2 j=1 (1 J )

(1.17)

It was shown that the solution is uni-modal [60]. That is the graphical repre-

sentation of the solution in (1.17) had only one local and global maximum.
As the choice of division and growth rates vary, the nature of the solution

to the pantograph equation varies too. When van Brunt and Hulstman [35]

studied pantograph equation with non-constant coe cients of the form
y)+ bxdy(x) = Xy(x); (1.18)

along with the boundary conditions as in (1.13) and the pdf condition (1.14)
for d 0. They obtained a spectrum of eigenvalues. The corresponding

eigenvectors are

bxd+1 )4 b k(d+1) ,d+1
Ym(X)= Cn e 91+  p( m)e (1.19)
k=1
where ,, = b ™@*U* and m is a non-negative integer. It was further estab-
lished that these eigenfunctions are unique. Perthame and Rhyzik [15] showed

that for constant growth rate g, (1.16) has a unique solution under certain

11



conditions on the size-dependent division rate. They also showed the for con-
stant growth and division rates, large time solutions map on to the separable

solution. In this thesis, we generalize Perthame and Ryzhik's work to asym-

metric division of cells and to a certain class of time dependent division and

growth rates.

The deterministic model (1.8) may not re ect the signi cant variations in
growth rates, as supported by experimental data [11]. Hall [11], in his thesis,
derived a second order functional partial di erential equation in the form of
a Fokker Planck equation obtained by Cox and Miller [61]. Hall considered
the growth rate to be a stochastic process. Using a probability distribution
of increase in the sizex of a cell, Hall introduced the dispersion coe cient,

D(x;t) > 0, into the equation. The equation has the form

@ . : @ . G : : :
@(D(x,t)n(x,t)ﬂ @p(x,t)+ @£G(x,t)n(x,t))+ B(x;t)n(x;t)
= 2B(x;t)n(x;t):
(1.20)
Here, G(x;t) > 0 in this model is the approximation of the mean growth rate

and B(x;t) > 0 is the division rate. This model is supplemented with decay

conditions
lim n(x;t) =0;
xit @ (1.21)
XI!llm @Q(x;t) =0;
and no- ux conditions
i @ . . : Y =0
X'|m+ @§D(x,t)n(x,t)) G(x;t)n(x;t) =0;
0 (1.22)

lim @@)QD(x;t)n(x;t)) G(x;t)n(x;t) =0:

x!1

12



The problem is subject to an initial cell size distribution

n(x; 0) = no(X); (1.23)

for all x 0. The initial cell size distribution ng(x) may be regarded as a
probability density function (pdf). Consequently,ng(x) O forallx 0 and

R

o No(x)dx =1.

A separable solution to the problem (1.20), subject to conditions (1.21)-
(1.22), was studied by van Brunt and Wake [62] foD (x;t) = Dx and constant

G > 0 andB > 0. The problem involves the equation

(Dxy (x)* (Gy(x))° (B+ )y(x)+ ?By(x)=0: (1.24)

Using appropriate substitutions, (1.24) becomes

xytx)  kiyAx)  koy(X)+ kpy (X )=0; (1.25)
where
G
k]_ = 5 2 ;
and
B
kz = F:

They showed the uniqueness and positivity of solution subject to the normal-
izing condition (Rz)l y(x)dx = 1) with existence in L1[0;1 ). The solution was

obtained using Mellin transforms and expressed in terms of modi ed Bessel
functions. In this thesis, we use Mellin transform to determine the existence of

a dispersion problem with time dependent singular coe cients with a source

13



term. The existence of solution is subject to certain conditions on the source
term.

A related problem

yotx) + ay(x) + by(x) + cy(x ) = 0; (1.26)

was studied by Kim [63]. Wake et al. [19] had found the separable solutions
to the problem for constant coe cients. Basse et al. [64], while studying
plankton's symmetric cell division, used constant dispersion and growth rate,
with a generalized division ratdxx). Begg et al. [65] used the entropy method
to study the above problem for constant dispersion and growth rate. However,
they studied it for B(x) = b (I  x), with | > 0 andb > 0. Recently, Efendiev
et al. [31] came up with a technique to solve the Dispersion Problem (1.20)
for constant dispersion, growth and division rates. In this thesis, we build on
this technique to nd analytic solution and long time asymptotics of the cell
growth model with asymmetric division. Recall that asymmetric division in
cells refer to the situation when daughter cells of di erent sizes are obtained
after a parent cell divides.

Lately, van Brunt et al [33] studied a size-structured cell division model.

More speci cally the following model was studied
ni(x;t) + g(xn(x;t))x + bxX'n(x;t) = b #*'x'n(x;t); (1.27)
satisfying the conditions

IirQ gxn(x;t) =0; Ii{n gxn(x;t)=0; fort O (1.28)
x! 0t x!

14



along with

n(x; 0) = no(x); (1.29)

whereg and bare positive constants andyx and bx' and size dependent growth
and division rates respectively andh(x;t) represents the number density of

cells of sizex at time t. Certain transformations reduce the PDE (1.27) to
G+ gxX (Gt + bx (xt) = bx (xt); (1.30)

where' (x;0) = ' o(x) = xng(x). Conditions (1.28)-(1.29) give

im %Y g, &

B o (1.31)
x! 0 X x!1 X

A Mellin transform technique was used to nd the solution of the PDE (1.30).

The solution is

3
Cxt) = lo(xe Me X@ ey g1 kxe Me X e ™. (132
k=1

where = b=g a = Q% and ! o is found to be bounded on (01 ).
Furthermore ! § 2 C%(0;1 ), and ! § is bounded on fpy; 1 ) for any po > O.
Although these results are obtained for the transformed equation, it can be
shown that the method holds for anyr > 0 in (1.27).

The above work is a generalization of a simpler problem with constant
growth and division rate. Zaidi et al. [22] developed a novel technique to solve

the problem

n(x;t) + gne(x;t) = Zbn(x;t) bn(xt) n(xt); (1.33)

15



which, using certain transformations, reduces to
ne(X;t) + ne(x;t) = b 2n(x;t ); (1.34)

wherebis a positive constant andn is the number density of cells of sizg at
time t. Zaidi et al. rst obtained the solution for x  t. The solution obtained
was of the form

b3
S(xt)y= Lk(x:t); (1.35)
k=0

P
whereL(x;t) = ,!(:o aj V(U (x;t)). Here

— b zak L 1. _ . 0 _ .
Fai = X TEEEN) Vo(u) = no(u); Vg (U) = Vi(u):
In addition,
&0 = aj; ano=1; andug;(x;t) = IO t):

i=1

With the above conditions, the non-negativity of S(x;t) is established for
W, = f(X;t) : x tg: The solutionis then extendto 0 x <t by constructing
wedges which takes care of the functional terms W, if solution is known in
Wy 1, where

t t
Wi =f(xit): — X 0

A piecewise solution is obtained for alk 0 andt 0 by nding solutions

in each wedge. Continuity is then imposed on the boundary of wedges. The

16



solution obtained for then™ wedge,W,, is of the form

Xt (b)
zy = Ln + Jo(Uoyo) + S
k=1 m:]_( m 1)

Jik(Ukk);

whereJg is an arbitrary function and J2,, (w) = Jy(w) for k 1.
This approach by Zaidi et al. [22] inspired the work of Mohsin and Zaidi
[34], who showed that a solution to a problem with two non-local terms exists

and is unique. The problem is given below

@@{1(x;t) + @@Q(x;t) = bn(x;t)+ bn(x); (1.36)

where X + 1 = 1. Their work mainly focuses on the construction of wedges
and solutions are shown to exist in a wedg#/,, if solutions exist in the wedge
W, ., forn 1. The second nonlocal term adds complexity that makes the
construction of wedges formidable.

The case involving two non-local terms, i.e., asymmetric division was stud-
ied by Suebcharoen et al. [30]. They developed a model for asymmetric cell

division arising in Drosophila and C. elegans In particular they devised the

model
X2
Spxv= gy Qv+ a (kD (137)

i=1

where x= ; is the size of the cell after a cell of size divides, and a; is the
rate of division. The constantg > 0 is the rate of growth, and the constants

a; and ; are positive reals fon = 1;2. Suebcharoen et al. [30] considered an

17
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